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Introduction: laminar roll waves in laboratory

Liu and Gollub experience

(Phys of Fluids 94)

Photo of 2-d roll-waves

(Park et Nosoko AIChE, 2003)

P. Noble (Lyon 1) Entropy Stable Schemes for E-K eqs Avril 2013 2 / 22



Outline of the talk

1 Modeling of thin film flows

§ Shallow water equations with surface tension
§ Related models: phase transition

2 Stability of difference approximations for shallow water eqs

§ Von Neumann (linearized) stability
§ Entropy stability (Schrödinger type formulation)

3 Numerical simulations

§ Entropy stability: numerical comparison
§ Liu Gollub experiment (comparison with experimental data)

Collaboration with J.-P. Vila (IMT Toulouse)
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Thin film flows: shallow water equations

Shallow water flows: the aspect ratio is small ε “ H{L ! 1
(Liu Gollub experiment: H „ 1mm, L „ 1cm)

Small Reynolds numbers: Re P p1; 100q

Surface tension is not negligible (order Opεq in non dimensional variables)

First order consistent/conservative model (P.N., J.-P. Vila, 2006)

Bth ` Bxq “ 0,

Btq ` Bxp
q2

h
` Pph,A1qq “ A1pg sinpθqh ´

3νq

h2
`
σ

ρ
hBxxxhq ` 4νBxxq,

Pph,A1q “ p
4

45
´

2A1

25
qp

g sinpθq

ν
q2h5 ` A1g cospθq

h2

2
.

Remark: the viscous term is heuristic
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Related models: Euler Korteweg equations

Euler-Korteweg equations in conservative variables

Btρ` Bxpρuq “ 0,

Btpρuq ` Bx
`

ρu2 ` Ppρq
˘

“ Bx

ˆ

ρκpρqBxxρ` pρκ
1pρq ´ κpρqq

pBxρq
2

2

˙

,

κpρq “ constant{ρ: quantum hydrodynamic (=NLS)

κpρq “ constant, Ppρq “
γρ

1´ ρ
´ ρ2: Van der Waals gas (phase transition)

Additional Energy equation

Bt

ˆ

ρ
u2

2
` F pρq ` κpρq

pBxρq
2

2

˙

` BxFpρ, u, Bxρ, Bxuq “ 0

C. Chalons, P.G. LeFloch High-Order Entropy-Conservative Schemes and Kinetic

Relations for van der Waals Fluids, JCP (2001): E-K in Lagrangian coordinates of

mass/Semi-discrete schemes
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Stability of difference schemes: von Neumann stability

Remark: due to the presence of the third order derivative, the energy
equation is hardly satisfied in the original formulation

A simplified problem: we check stability for linearized shallow water
equations (=Fourier analysis)

Interest: provides necessary and, in practice, sufficient condition of
stability

Linearized equations (conservative variables: v “ ph, qqT )

Btv ` ABxv “ BBxxxv , A “

ˆ

0 1
c̄2 ´ ū2 2ū

˙

, B “

ˆ

0 0
σ̄ 0

˙

.

Dispersion relation: spkq “ ū ˘
?

c̄2 ` σ̄k2

Heuristic CFL condition spkq δtδx ď 1. Here spkq „ K{δx then
CFL condition: δt “ Opδx2q.
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Von Neumann stability I: formulation of the problem

Stability of difference approximation in the form

vn`1
i ´ vn

i ` λ1

´

f n`θ
i` 1

2

´ f n`θ
i´ 1

2

¯

“ λ3B
`

vn`θ
i`2 ´ 2vn`θ

i`1 ` 2vn`θ
i´1 ´ vn`θ

i´2

˘

. (1)

with λk “ δt{δxk , and vn`θ
i “ p1´ θqvn

i ` θvn`1
i .

Lax-Friedrichs scheme: f n
i` 1

2

“
Avn

i ` Avn
i`1

2
´

1

2λ1
pvn

i`1 ´ vn
i q

Rusanov scheme: f n
i` 1

2

“
Avn

i ` Avn
i`1

2
´
ρpAq

2
pvn

i`1 ´ vn
i q

Roe scheme: f n
i` 1

2

“
Avn

i ` Avn
i`1

2
´
|A|

2
pvn

i`1 ´ vn
i q
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Von Neumann stability II: first order accurate schemes

Definition

We search for solutions of (1) in the form vn
i “ ξne´inθ: a scheme is stable in the

sense of Von Neumann if |ξ| ď 1 for all θ P r0, 2πs

Instability of Roe scheme: The scheme (1) with Roe type flux and θ “ 0
(forward Euler time discretization: FE), θ “ 1 (backward Euler time
discretization: BE) is always unstable: there exists η ą 0 such that if λ3 ă η
and dx ă η, then there exists θ and ξ˘pθq so that |ξ´pθq| ă 1 ă |ξ`pθq|.

Stability of Lax-Friedrichs scheme:

§ FE time discretization (θ “ 0): stable under cfl condition δt “ Opδx2q

§ BE time discretization (θ ě 1{2): inconditionally stable

Stability of Rusanov scheme:

§ FE time discretization (θ “ 0): stable under cfl condition δt “ Opδx3q

§ BE time discretization (θ ě 1{2): inconditionally stable
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Von Neumann stability III: second order accurate schemes
We use a MUSCL type scheme for space discretization:

dvj
dt
´

A

8δx
pvj`2 ´ 6vj`1 ` 6vj´1 ´ vj´2q

`
νn

8δx2
pvj`2 ´ 4vj`1 ` 6vj ´ 4vj´1 ` vj´2q

“
B

δx3
pvj`2 ´ 2vj`1 ` 2vj´1 ´ vj´2q .

Remark: νn is the numerical viscosity (L-F: νn “ δx2{2δt, Ru: νn “ ρpAqδx)

Stability of Lax-Friedrichs scheme:

§ Runge Kutta 2 : stable under CFL condition δt “ Opδx2q

§ Crank Nicolson (θ “ 1{2): inconditionally stable

Stability of Rusanov scheme:

§ Runge Kutta 2 (θ “ 0): stable under CFL condition δt “ Opδx7{3q

§ Crank Nicolson (θ “ 1{2): inconditionally stable
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Entropy stability of difference schemes: new formulation 1

“Entropy” of the Euler-Korteweg system

Upρ, u, Bxρq “

ż

ρ
u2

2
` F pρq ` κpρq

pBxρq
2

2

Not an usual entropy (presence of Bxρ): reduction of order needed
(see C.W. Shu for KdV type equations with DG methods)

A natural new variable: w “

c

κpρq

ρ
Bxρ

The “entropy” now U reads

Upρ, u,wq “

ż

ρ
u2 ` w 2

2
` F pρq.

P. Noble (Lyon 1) Entropy Stable Schemes for E-K eqs Avril 2013 10 / 22



Entropy stability of difference schemes: new formulation 2

Euler-Korteweg equations: “Schrodinger type formulation”

Btv ` Bx f pvq “ BxpBpρqBxpρ
´1vqq, Bpρq “

¨

˝

0 0 0
0 0 µpρq
0 ´µpρq 0

˛

‚ (2)

with v “ pρ, ρu, ρwqT , f pvq “ pρu, ρu2 ` Ppρq, ρuwqT .

The Schrodinger formulation is obtained by setting ψ “ ρu ` iρw
(useful for well posedness: see Benzoni-Danchin-Descombes 2006)

Setting Upvq “ ρu2`w2

2 ` F pvq and G pvq “ upUpvq ` Ppρqq:

Energy equation in the new formulation (classic energy estimate)

BtUpvq ` BxG pvq “ Bx pµpρqpuBxw ´ wBxuqq . (3)
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Entropy stability of difference scheme: definition

We consider the following semi discretized system (setting z “ ρ´1v)

d

dt
vjptq `

fj` 1
2
´ fj´ 1

2

δx
“

Bpρj` 1
2
q pzj`1 ´ zjq ´ Bpρj´ 1

2
q pzj ´ zj´1q

δx2
. (4)

Definition

The semi-discretized scheme (4) is entropy stable if there exists a numerical flux
Gj` 1

2
, consistent with the entropy flux in (3), so that

d

dt
Upvjptqq `

Gj` 1
2
´ Gj´ 1

2

δx
ď 0.

E. Tadmor Entropy stability theory for difference approximations of nonlinear
conservation laws and related time-dependent problems Acta Numerica (2003)
P.G. LeFloch, J.M. Mercier, C. Rohde Fully discrete, entropy conservative
schemes of arbitrary order, SIAM J. Numer. Anal. 40 (2002)
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Entropy stability: fully discrete scheme

By using the convexity of the entropy, one has

Theorem

Consider the entropy (spatially) stable semi scheme which is a difference
approximation of (2) with B “ 0, then the scheme (??) is (unconditionally)
entropy stable. There exists Gn

j` 1
2

so that

Upvn`1
j q ´ Upvn

j q ` Gn
j` 1

2
´ Gn

j´ 1
2
ď 0,@j , @n. (5)

For explicit schemes, one has

Theorem

§ Explicit scheme with Lax-Friedrichs flux is entropy stable with CFL δt ! δx2

§ Explicit scheme with Rusanov flux is entropy stable with CFL δt ! δx3
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Entropy conservation: a Hamiltonian formulation

Hamiltonian formulation of Euler-Korteweg equations:

Hpρ, uq “
ż

ρ
u2

2
` F pρq ` κpρq

pBxρq
2

2
dx

Bt

ˆ

ρ
u

˙

“ J∇Hpρ, uq, J “ BxJ, J “

ˆ

0 ´1
´1 0

˙

.

Other examples of Hamiltonian PDE’s: NLS, generalized Korteweg de
Vries equation, Kawahara equation, more generally water wave models

A spatial discretization which respects this structure is trivially
entropy conservative
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An Entropy conservative scheme I

Restriction to periodic boundary conditions: p%, uq “ pρj , ujqi“1,¨¨¨ ,N ,
pρj`N , uj`Nq “ pρj , ujq

Define for the discretized Hamiltonian

Hp%, uq “
N
ÿ

j“1

ρj
u2
j

2
` F pρjq `

1

2
κpρjq

ˆ

ρj`1 ´ ρj
δx

˙2

.

Define a discretized version of J :

J “

ˆ

0 ´IN
´IN 0

˙

, Duj “
uj`1 ´ uj´1

2δx
.

Discretized Hamiltonian system:

d

dt

ˆ

%
u

˙

“ J

ˆ

D∇%Hp%, uq
D∇uHp%, uq

˙

.
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An entropy conservative scheme II

Spatial discretization with centered difference: no numerical viscosity!

Drawback: possible numerical instability (Euler time discretization),
possible occurrence of spurious oscillatory modes (Crank Nicolson time
discretization). Example: discretization of Burgers equation

BUT: presence of capillarity (control on the gradient of ρ)

Theorem
A fully discrete scheme with backward Euler time discretization is entropy stable.

Remark: any explicit method is unstable

Question: Time discretization preserving the discrete Hamiltonian?

Theorem
The Crank Nicolson time discretization preserves the Hamiltonian for linearized
Euler-Korteweg equations
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Entropy stability: numerical comparison I

Model: shallow water equations with horizontal bottom

Bth ` Bxphuq “ 0, Btphuq ` Bxphu2 ` g
h2

2
q “

σ

ρ
hBxxxh.

Periodic boundary conditions
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Entropy stability: numerical comparison II

Comparison of the original formulation and the “new” formulation

Second order schemes for numerical simulations
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Schrödinger type formulation: numerical consistency

Lax- Friedrichs
Rusanov
Harten- Lax- van Leer
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Hamiltonian formulation

Conservative scheme in space: no numerical viscosity

Time discretization: backward implicit Euler

Formation of dispersive shock waves
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Simulation of Liu Gollub experiment (Phys of Fluids 94)

inviscid roll- wave
viscous roll- wave

0.6

0.8

1.0

1.2

1.4

1.6

0 20 40 60 80 100 120 140 160 180 200

inviscid roll- wave
viscous roll- wave

0.6

0.8

1.0

1.2

1.4

1.6

110 115 120 125 130 135 140 145 150

Numerical simulation for the shallow water model with A1 “ 1.

Numerical scheme: Rusanov (2nd order) on the extended formulation.

Reynolds number Re “ 29, Inclination θ “ 6.4o , Weber number We “ 35.
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Conclusion

1 Summary
§ Proof of entropy stability with a new form of Euler-Korteweg equations
§ Numerically: “new” formulation is more stable than original formulation
§ Hamiltonian semi-discretization.

2 Perspectives and Open problems

§ Generalization to 2d-motions (secondary instabilities)?
§ Higher order methods (Discontinous Galerkin methods)?

§ Hamiltonian semi-discretization: symplectic method for time
discretization? (leap frog method/implicit-explicit schemes)

§ Other models: water wave models (Serre-Green/Naghdi)

Bth ` Bxphūq “ 0,

Btphūq ` Bx
`

hū2 ` p
˘

“ 0, p “
gh2

2
`

h2

3
:h.

§ Boundary conditions?
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