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.‘

Hyperbolic systems of conservation laws with source terms:

9:W + div(F(W)) = »(W)(R(W) — W) (1)

A: set of admissible states,
W e ACRV,

F: physical flux,

~ > 0: controls the stiffness,

R: A — A: smooth function with some compatibility conditions
(cf. [Berthon, LeFloch, and Turpault, 2013]).
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.‘

Hyperbolic systems of conservation laws with source terms:

9:W + div(F(W)) = 7(W)(R(W) — W) (1)

w

Under compatibility conditions on R, when vt — oo, (1) degenerates into a
diffusion equation:
dew — div(D(w)Vw) =0 (2)

o

o w e R, linked to W,

@ D: positive and definite matrix, or positive function.
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ﬁ Examples: isentropic Euler with friction
||

Otp + Oxpu +0ypv = 0
Orpu + Ox(pu? + p(p)) + Oypuv = —kpu , with: p'(p) >0, k >0
Orpv + Oxpuv + 0y (pv? + p(p)) = —kpv

A={(p,pu,pv)" €R?/p >0}

Formalism of (1)

2 T
OW:(p,pu,pv)T OF(W):<pu’ pus+p ,puv )

2
pv, puv. L pvitp
o R(W) = (p,0,0)7 o A(W) =

Limit diffusion equation

Bep — div (%Vp(p)) ~0
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|| . . .
.H Examples: shallow water equations (linear friction)

Oth+ Oxhu+0yhv = 0
Ochu + Oy (hu? + gh?/2) + O, huv = —/fshu , with: k>0
Ochv + dchuv + 9, (hv? + gh?/2) = —fhv

A={(hhu,hv)" € R3/h >0}

Formalism of (1)

oW hhun)T Ry ([ e )]
o R(W) = (h,0,0)" o A(W) = £
Limit diffusion equation

Oth — div (h_/:nghz) =
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|| . . .
.H Examples: shallow water equations (Manning friction)

Oth+ 0xhu+90,hv = 0
Ochu + Oy (hu? + gh?/2) + O, huv = — /| hullhu
Ochv + dchuv + 8, (hv? + gh?/2) = —/| hulhv

A={(h hu,hv)" € R®/h > 0}

Formalism of (1)

hu, hu®>+p , huv T
o W = (h, hu, hv)" ° F(W) = ( hv, huv g hv? + p )
R(W) = (h,0,0)7 S ’
° R(W) = (h,0,0) o ¥(W) = £ [[hu]

v

Limit equation

Bth—div< gﬂiw) —0
K /[|[Vh]
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- .
.‘ Aim of an AP scheme

Model: Yt — 00 Diffusion equation:
0:W + div(F(W)) = v(W)(R(W) — W) dew — div(D(w)Vw) =0
V'S
consistent: : ) .
At Ax 50 :con5|stent.
Numerical scheme — Limit scheme

Yyt — 00
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l. Example o
l‘ P

otW

(W)

f a non AP scheme in 1D

+ 0x(F(W)) = v(W)(R(W) — W)

(p,pu)” F(W) (pu, pu® +p)"
K R(W) (p,0)"

(1)

Ti—1/2 Tit1/2

Ti—1

Ve
At B

Z; Tit1

1 n n n
Ax (Fiz1p — Fizrp) +7(WP)(R(W]) — W))

Limit

n+1

pi—pf 1

At - 2Ax

5 (biy1/28x(pfh1 — p7) — bi—1/2Bx(p] — p}-1))
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.‘ State-of-the-art for AP schemes in 1D

@ control of numerical diffusion:
o telegraph equations: [Gosse and Toscani, 2002],
o M1 model: [Buet and Després, 2006], [Buet and Cordier, 2007],
[Berthon, Charrier, and Dubroca, 2007], ...
e Euler with gravity and friction:
[Chalons, Coquel, Godlewski, Raviart, and Seguin, 2010],
@ ideas of hydrostatic reconstruction used in ‘well-balanced’ scheme used
to have AP properties:
o Euler with friction: [Bouchut, Ounaissa, and Perthame, 2007],

© using convergence speed and finite differences:
o [Aregba-Driollet, Briani, and Natalini, 2012],
@ generalization of Gosse and Toscani:

o [Berthon and Turpault, 2011],
o [Berthon, LeFloch, and Turpault, 2013].
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.‘ State-of-the-art for AP schemes in 2D

o Cartesian and admissible meshes = 1D

@ unstructured meshes:
@ MPFA based scheme:
o [Buet, Després, and Franck, 2012],

@ using the diamond scheme (Coudiére, Vila, and Villedieu) for the limit
scheme:

@ [Berthon, Moebs, Sarazin-Desbois, and Turpault, 2015],
© SW with Manning-type friction:
o [Duran, Marche, Turpault, and Berthon, 2015].
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© Development of a new asymptotic preserving FV scheme
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& @ Xy is the center of the cell K,
L is the neighbour of K by the
interface i, i = KN L,
Exk are the interfaces of K,
|ei| is length of the interface i,
v |K| is the area of the cell K,

F. Blachere (LMJL

@ M is an unstructured mesh

constituted of polygonal cells K,

nk,; is the normal vector to the
interface /.
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|| .
Em Aim of the development
l‘ P

@ for any 2D unstructured meshes,

e for any system of conservation laws which could be written as (1),

@ under a ‘hyperbolic’ CFL:

o stability,
e preservation of A,
e preservation of the asymptotic behaviour,

b Aty 1
Rev & oA f =2

€€k
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© Development of a new asymptotic preserving FV scheme
@ Choice of a limit scheme
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- .
.‘ Aim of an AP scheme

Model: Yt — 00 Diffusion equation:
0:W + div(F(W)) = v(W)(R(W) — W) dew — div(D(w)Vw) =0
V'S
consistent: : ) .
At Ax 50 :con5|stent.
Numerical scheme — Limit scheme

Yyt — 00
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| | . .
.H Choice of the limit scheme

FV scheme to discretize diffusion equations:

Jyw—div(D(w)Vw) =0 (2)

Choice: scheme developed by Droniou and Le Potier
@ conservative and consistent,
@ preserves A,
@ nonlinear.

(D Viwk) -nki= > T i(w)(wy — wi)
J€5K7;

@ Sk the set of points used for the reconstruction on edges i of cell K
e 7“Il<,i(W) >0
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. .
.‘ Presentation of the DLP scheme

A J _ J
Mk, = EJesK,;wK,i Xy WMk, = ZJesK,,-wK,i M
R J _ J
ML,’ — ZJESL,,' wL,i XJ WM = ZJES[_,,' wL,i wy
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. .
.‘ Presentation of the DLP scheme

Two approximations

WMK.—WK
WM, WL
ViwLnLi = T

Convex combination: VK, i aF YLi = 1, VK, i >0, YL,i >0

Viwk -nki = YKi(w)Viwk i +yLi(w) Vi -ng;
= 2 esk, Tk, i(w)(wy — wk), with : Ty (w) >0

Properties of the DLP scheme
@ consistent with the diffusion equation on any mesh,

@ satisfy the maximum principle.
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© Development of a new asymptotic preserving FV scheme

@ Hyperbolic part
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- .
.‘ Aim of an AP scheme

Model: Yt — 00 Diffusion equation:
0:W + div(F(W)) = v(W)(R(W) — W) dew — div(D(w)Vw) =0
V'S
consistent: : ) .
At Ax 50 :con5|stent.
Numerical scheme — Limit scheme

Yyt — 00
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ﬁ Scheme for the hyperbolic part

Z.’F(WK,WL,...)-nK,;

W?(—H' Wn =
| | i€EK

Theorem
We assume that the conservative flux F; has the following properties

© Consistency: if Wi =W then F; - nk ;i = F(W) - ngk ;,

@ Admissibility:
ad V;J<,i 20, Fi-ngi= > Vié,ifKJ'nKJ
JGSK,,'

b > leil > V}J(,i"’lKJ =0.
i€€k JESK i

Then the scheme (3) is stable, and preserves A under the classical following CFL

(3)

condition:
At
max bKJ— S 1. 4
Keﬂ( 5 (4)
JeEk
.
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Em Example of fluxes
.‘ P

@ TP flux:

F(WK) aF F(WL) n

Fi(Wk,Wy) nk,i = >

K,i — bk (WL — Wk)

@ HLL-DLP flux:

F(Wk) + F(W,)

Fi(Wk, W, W,) - ng; = Z vik.i < >

JESK, i

Miy — bry(Wy — WK))

v

But. ..
O Fully respect the theorem, but not consistent in the diffusion limit

@ Does not respect the second property of admissibility, but consistent in
the limit
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||
.I Procedure to preserve A

n

W
————¥ HLL-DLP flux

:

TP flux

No

© W"t1is computed with the HLL-DLP flux and with the CFL (4),
Q@ Physical Admissiblility Detection (PAD): if W™t1 & A then the time
iterations can continue, else:

o property 2b is enforced by using the TP flux on all not-admissible cells,
o At and W1 are re-computed with the TP flux.
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© Development of a new asymptotic preserving FV scheme

@ Numerical results for the hyperbolic part
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|| . .
Em \Wind tunnel with ste
.‘ P
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© Development of a new asymptotic preserving FV scheme

@ Scheme for the complete system
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||
Bm Scheme for the complete model
l‘ P

Complete system

0:W + div(F(W)) = 7(W)(R(W) — W)

Wit — Wi — |K| Z|e,|.7-';<, NK.i»
i€EEK

(1)

(5)

Construction of F

_ ) =
Fk,i-nki= Z vik,iF kI MKy
JeSK i

Fry- ks =oksFrs gy — (axs — akk)F(WE) - ngy
— (1 — aky)bky(R(WK) — WK),

F. Blachere (LMJL GdR EGRIN, 04/06/2015, Piriac-sur-Mer

22/28



||
Bm Scheme for the complete model

o Is the scheme with the source term AP?
= generally not . ..

Equivalent formulation
Rewrite (1) into:

W —+ div(F(W)) = v(W)(R(W) — W), (1)
=(W)(R(W) — W) + (7 =)W,
9 W + div(F(W)) = (y(W) +7)(R(W) — W). (6)
with:
o Y(W)+7 >0 o R(W) = 2RI
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Introduction of 7

OeW + div(F(W)) = (y(W) +F(W))(R(W) — W)

Rescaling

v 2

At e&
€

A
Wt = H Y t|e,|2 B, py,

h
:eSK JeSk. 2(vk + T )0k,
At ., h"
= hi™ = hi Z‘ leil Zu,&, gh%/2 — ght /2).
i€EK JES
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W’H—1 K Z |eI|FKI Nk (5)

o |K\

IGSK

= wky (WK 5 [-7:KJ Frrl- nKJ)
JESK

The scheme (5) is consistent with the system of conservation laws, under
the same assumptions of the previous theorem. Moreover, it preserves the
set of admissible states A under the CFL condition:

max (bKJE) <1l (4)
KemM 6_,
JeEk
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© Development of a new asymptotic preserving FV scheme

@ Results for the complete system
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|| . . . . D
mm Comparison in the diffusion limit
.‘ P

0.16
— 1D
---DLP
=y
g --- TP
a
— HLL-DLP-NoAP
— HLL-DLP-AP
1 | |
014 0.5 1
Position
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| |
.H Dam break

6 T ~
N\ - -- Without friction
- N\ — With friction
; \
-20 \\
() \
I \\
0'00 0 0’5 1’0
' Position '
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© Conclusion and perspectives
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.I Conclusion and perspectives

Conclusion

@ generic theory for various hyperbolic problems with asymptotic
behaviours,

o first order scheme that preserve A and the asymptotic limit.

Perspectives

@ extend the limit scheme to take care of diffusion systems and nonlinear
diffusion equation,

@ high-order schemes.
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