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Problematic

Hyperbolic systems of conservation laws with source terms:

∂tW + div(F(W)) = γ(W)(R(W)−W) (1)

A: set of admissible states,

W ∈ A ⊂ R
N ,

F: physical flux,

γ > 0: controls the stiffness,

R : A → A: smooth function with some compatibility conditions
(cf. [Berthon, LeFloch, and Turpault, 2013]).
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Problematic

Hyperbolic systems of conservation laws with source terms:

∂tW + div(F(W)) = γ(W)(R(W)−W) (1)

Under compatibility conditions on R, when γt →∞, (1) degenerates into a
diffusion equation:

∂tw − div
(

D(w)∇w
)

= 0 (2)

w ∈ R, linked to W,

D: positive and definite matrix, or positive function.
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Examples: isentropic Euler with friction







∂tρ+ ∂xρu + ∂yρv = 0
∂tρu + ∂x(ρu

2 + p(ρ)) + ∂yρuv = −κρu
∂tρv + ∂xρuv + ∂y (ρv

2 + p(ρ)) = −κρv
, with: p′(ρ) > 0, κ > 0

A = {(ρ, ρu, ρv)T ∈ R
3/ρ > 0}

Formalism of (1)

W = (ρ, ρu, ρv)T

R(W) = (ρ, 0, 0)T
F(W) =

(

ρu, ρu2 + p , ρuv

ρv , ρuv , ρv2 + p

)T

γ(W) = κ

Limit diffusion equation

∂tρ− div

(

1

κ
∇p(ρ)

)

= 0
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Examples: shallow water equations (linear friction)







∂th + ∂xhu + ∂yhv = 0
∂thu + ∂x(hu2 + gh2/2) + ∂yhuv = − κ

hη hu

∂thv + ∂xhuv + ∂y (hv2 + gh2/2) = − κ
hη hv

, with: κ > 0

A = {(h, hu, hv)T ∈ R
3/h > 0}

Formalism of (1)

W = (h, hu, hv)T

R(W) = (h, 0, 0)T
F(W) =

(

hu, hu2 + p , huv

hv , huv , hv2 + p

)T

γ(W) = κ
hη

Limit diffusion equation

∂th − div

(

hη

κ
∇gh2

2

)

= 0
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Examples: shallow water equations (Manning friction)







∂th + ∂xhu + ∂yhv = 0
∂thu + ∂x(hu2 + gh2/2) + ∂yhuv = − κ

hη ‖hu‖hu

∂thv + ∂xhuv + ∂y (hv2 + gh2/2) = − κ
hη ‖hu‖hv

A = {(h, hu, hv)T ∈ R
3/h > 0}

Formalism of (1)

W = (h, hu, hv)T

R(W) = (h, 0, 0)T
F(W) =

(

hu, hu2 + p , huv

hv , huv , hv2 + p

)T

γ(W) = κ
hη ‖hu‖

Limit equation

∂th − div

(
√

ghη

κ

√
h

√

‖∇h‖
∇h

)

= 0
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Aim of an AP scheme

Model:
∂tW + div(F(W)) = γ(W)(R(W)−W)

Diffusion equation:
∂tw − div

(

D(w)∇w

)

= 0

γt → ∞

Numerical scheme

consistent:
∆t,∆x → 0

Limit scheme
γt → ∞

consistent?
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Example of a non AP scheme in 1D

∂tW + ∂x(F(W)) = γ(W)(R(W)−W) (1)

W = (ρ, ρu)T F(W) = (ρu, ρu2 + p)
T

γ(W) = κ R(W) = (ρ, 0)T

xi−1 xi xi+1

xi−1/2 xi+1/2

W
n+1

i −W
n
i

∆t
= − 1

∆x

(

F i+1/2 −F i−1/2

)

+ γ(Wn
i )(R(W

n
i )−W

n
i )

Limit

ρn+1

i − ρn
i

∆t
=

1

2∆x2

(

bi+1/2∆x(ρn
i+1 − ρn

i )− bi−1/2∆x(ρn
i − ρn

i−1)
)
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State-of-the-art for AP schemes in 1D

1 control of numerical diffusion:

telegraph equations: [Gosse and Toscani, 2002],
M1 model: [Buet and Després, 2006], [Buet and Cordier, 2007],
[Berthon, Charrier, and Dubroca, 2007], . . .
Euler with gravity and friction:
[Chalons, Coquel, Godlewski, Raviart, and Seguin, 2010],

2 ideas of hydrostatic reconstruction used in ‘well-balanced’ scheme used
to have AP properties:

Euler with friction: [Bouchut, Ounaissa, and Perthame, 2007],

3 using convergence speed and finite differences:

[Aregba-Driollet, Briani, and Natalini, 2012],

4 generalization of Gosse and Toscani:

[Berthon and Turpault, 2011],
[Berthon, LeFloch, and Turpault, 2013].
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State-of-the-art for AP schemes in 2D

Cartesian and admissible meshes =⇒ 1D

unstructured meshes:
1 MPFA based scheme:

[Buet, Després, and Franck, 2012],

2 using the diamond scheme (Coudière, Vila, and Villedieu) for the limit
scheme:

[Berthon, Moebs, Sarazin-Desbois, and Turpault, 2015],

3 SW with Manning-type friction:

[Duran, Marche, Turpault, and Berthon, 2015].
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Notations

xK

xL1
xL2

xL3

xJ2

xL4

xL5

i1

i5

i4i3

i2

nK,i1

M is an unstructured mesh
constituted of polygonal cells K ,

xK is the center of the cell K ,

L is the neighbour of K by the
interface i , i = K ∩ L,

EK are the interfaces of K ,

|ei | is length of the interface i ,

|K | is the area of the cell K ,

nK ,i is the normal vector to the
interface i .
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Aim of the development

for any 2D unstructured meshes,

for any system of conservation laws which could be written as (1),

under a ‘hyperbolic’ CFL:

stability,
preservation of A,
preservation of the asymptotic behaviour,

max
K∈M

i∈EK

(

bK ,i
∆t

∆x

)

≤ 1

2
.
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Aim of an AP scheme
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Choice of the limit scheme

FV scheme to discretize diffusion equations:

∂tw−div(D(w)∇w) = 0 (2)

Choice: scheme developed by Droniou and Le Potier

conservative and consistent,

preserves A,

nonlinear.

(D · ∇iwK ) · nK ,i =
∑

J∈SK ,i

νJ
K ,i (w)(wJ − wK )

SK ,i the set of points used for the reconstruction on edges i of cell K

νJ
K ,i (w) ≥ 0
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Presentation of the DLP scheme

xK

xL

xB

xA

MK,i

ML,i

nK,i

i

nL,i

MK ,i =
∑

J∈SK ,i
ωJ

K ,i XJ

ML,i =
∑

J∈SL,i
ωJ

L,i XJ

wMK ,i
=

∑

J∈SK ,i
ωJ

K ,i wJ

wML,i
=

∑

J∈SL,i
ωJ

L,i wJ
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Presentation of the DLP scheme

Two approximations

∇iwK · nK ,i =
wMK ,i

−wK

|KMK ,i |

∇iwL · nL,i =
wML,i

−wL

|LML,i |

Convex combination: γK ,i + γL,i = 1, γK ,i ≥ 0, γL,i ≥ 0

∇iwK · nK ,i = γK ,i (w)∇iwK · nK ,i + γL,i (w)∇iuL · nL,i

=
∑

J∈SK ,i
νJ

K ,i (w)(wJ − wK ), with : νJ
K ,i (w) ≥ 0

Properties of the DLP scheme

consistent with the diffusion equation on any mesh,

satisfy the maximum principle.
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Scheme for the hyperbolic part

W
n+1

K = W
n
K −

∆t

|K |
∑

i∈EK

F i (WK ,WL, . . . ) · nK ,i (3)

Theorem
We assume that the conservative flux F i has the following properties:

1 Consistency: if W
n

K ≡ W then F i · nK ,i = F(W) · nK ,i ,

2 Admissibility:

a ∃ νJ

K ,i ≥ 0, F i · nK ,i =
∑

J∈SK,i

νJ

K ,iFKJ · ηKJ

b
∑

i∈EK

|ei |
∑

J∈SK,i

νJ

K ,i · ηKJ = 0.

Then the scheme (3) is stable, and preserves A under the classical following CFL
condition:

max
K∈M

J∈EK

(

bKJ

∆t

δK

J

)

≤ 1. (4)
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Example of fluxes

1 TP flux:

F i (WK ,WL) · nK ,i =
F(WK ) + F(WL)

2
· nK ,i − bKL(WL − WK )

2 HLL-DLP flux:

F i (WK ,WL,WJ) · nK ,i =
∑

J∈SK,i

ν
J

K ,i

(

F(WK ) + F(WJ)

2
· η

KJ
− bKJ(WJ − WK )

)

But. . .
1 Fully respect the theorem, but not consistent in the diffusion limit

2 Does not respect the second property of admissibility, but consistent in
the limit
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Procedure to preserve A

HLL-DLP flux W̃
n+1 PAD

Yes

NoTP flux

W
n

W
n+1

1 W̃
n+1 is computed with the HLL-DLP flux and with the CFL (4),

2 Physical Admissiblility Detection (PAD): if W̃
n+1 ∈ A then the time

iterations can continue, else:

property 2b is enforced by using the TP flux on all not-admissible cells,
∆t and W̃

n+1 are re-computed with the TP flux.
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Wind tunnel with step
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Scheme for the complete model

Complete system

∂tW + div(F(W)) = γ(W)(R(W)−W) (1)

W
n+1

K = W
n
K −

∆t

|K |
∑

i∈EK

|ei |FK ,i · nK ,i , (5)

Construction of FK ,i

FK ,i · nK ,i =
∑

J∈SK ,i

νJ
K ,iFKJ · ηKJ

FKJ · ηKJ =αKJFKJ · ηKJ − (αKJ − αKK )F(W
n
K ) · ηKJ

− (1− αKJ)bKJ(R(W
n
K )−W

n
K ),
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Scheme for the complete model

Is the scheme with the source term AP?
⇒ generally not . . .

Equivalent formulation

Rewrite (1) into:

∂tW + div(F(W)) = γ(W)(R(W)−W), (1)

= γ(W)(R(W)−W) + (γ − γ)W,

∂tW + div(F(W)) = (γ(W) + γ)(R̄(W)−W). (6)

with:

γ(W) + γ > 0 R̄(W) = γR(W)+γW

γ+γ
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Limit scheme

Introduction of γ

∂tW + div(F(W)) = (γ(W) + γ(W))(R̄(W)−W)

Rescaling






γ ← γ

ε

∆t ← ∆t

ε

hn+1

K = hn
K +

∑

i∈EK

∆t

|K | |ei |
∑

J∈SK ,i

νJ,h
K ,i

b2

KJ

2(γK + γ̄J
K ,i )δ

h
KJ

(

hJ − hK

)

,

=⇒ hn+1

K = hn
K +

∑

i∈EK

∆t

|K | |ei |
∑

J∈SK ,i

νJ
K ,i

hη

κK

(gh2

J/2− gh2

K/2).
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Theorem

W
n+1

K = W
n
K −

∆t

|K |
∑

i∈EK

|ei |FK ,i · nK ,i (5)

=
∑

J∈EK

ωKJ

(

W
n
K −

∆t

δK
J

[F̃KJ − F̃KK ] · ηKJ

)

The scheme (5) is consistent with the system of conservation laws, under
the same assumptions of the previous theorem. Moreover, it preserves the
set of admissible states A under the CFL condition:

max
K∈M

J∈EK

(

bKJ
∆t

δK
J

)

≤ 1. (4)
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Comparison in the diffusion limit
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Dam break
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ei
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t

Without friction

With friction
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Conclusion and perspectives

Conclusion

generic theory for various hyperbolic problems with asymptotic
behaviours,

first order scheme that preserve A and the asymptotic limit.

Perspectives

extend the limit scheme to take care of diffusion systems and nonlinear
diffusion equation,

high-order schemes.
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Thanks for your attention.



References I

D. Aregba-Driollet, M. Briani, and R. Natalini. Time asymptotic high order
schemes for dissipative BGK hyperbolic systems. arXiv:1207.6279v1,
2012. URL http://arxiv.org/abs/1207.6279.

C. Berthon and R. Turpault. Asymptotic preserving HLL schemes. Numer.
Methods Partial Differential Equations, 27(6):1396–1422, 2011. ISSN
0749-159X. doi: 10.1002/num.20586. URL
http://dx.doi.org/10.1002/num.20586.

C. Berthon, P. Charrier, and B. Dubroca. An HLLC scheme to solve the M1

model of radiative transfer in two space dimensions. J. Sci. Comput., 31
(3):347–389, 2007. ISSN 0885-7474. doi: 10.1007/s10915-006-9108-6.
URL http://dx.doi.org/10.1007/s10915-006-9108-6.

F. Blachère (LMJL) GdR EGRIN, 04/06/2015, Piriac-sur-Mer 29/28

http://arxiv.org/abs/1207.6279
http://dx.doi.org/10.1002/num.20586
http://dx.doi.org/10.1007/s10915-006-9108-6


References II

C. Berthon, P. G. LeFloch, and R. Turpault. Late-time/stiff-relaxation
asymptotic-preserving approximations of hyperbolic equations. Math.
Comp., 82(282):831–860, 2013. ISSN 0025-5718. doi:
10.1090/S0025-5718-2012-02666-4. URL
http://dx.doi.org/10.1090/S0025-5718-2012-02666-4.

C. Berthon, G. Moebs, C. Sarazin-Desbois, and R. Turpault. An
asymptotic-preserving scheme for systems of conservation laws with
source terms on 2D unstructured meshes. to appear, 2015.

F. Bouchut, H. Ounaissa, and B. Perthame. Upwinding of the source term
at interfaces for euler equations with high friction. Comput. Math. Appl.,
53:361–375, 2007.

F. Blachère (LMJL) GdR EGRIN, 04/06/2015, Piriac-sur-Mer 30/28

http://dx.doi.org/10.1090/S0025-5718-2012-02666-4


References III

C. Buet and S. Cordier. An asymptotic preserving scheme for
hydrodynamics radiative transfer models: numerics for radiative transfer.
Numer. Math., 108(2):199–221, 2007. ISSN 0029-599X. doi:
10.1007/s00211-007-0094-x. URL
http://dx.doi.org/10.1007/s00211-007-0094-x.

C. Buet and B. Després. Asymptotic preserving and positive schemes for
radiation hydrodynamics. J. Comput. Phys., 215(2):717–740, 2006.
ISSN 0021-9991. doi: 10.1016/j.jcp.2005.11.011. URL
http://dx.doi.org/10.1016/j.jcp.2005.11.011.

C. Buet, B. Després, and E. Franck. Design of asymptotic preserving finite
volume schemes for the hyperbolic heat equation on unstructured
meshes. Numer. Math., 122(2):227–278, 2012. ISSN 0029-599X. doi:
10.1007/s00211-012-0457-9. URL
http://dx.doi.org/10.1007/s00211-012-0457-9.

F. Blachère (LMJL) GdR EGRIN, 04/06/2015, Piriac-sur-Mer 31/28

http://dx.doi.org/10.1007/s00211-007-0094-x
http://dx.doi.org/10.1016/j.jcp.2005.11.011
http://dx.doi.org/10.1007/s00211-012-0457-9


References IV

C. Chalons, F. Coquel, E. Godlewski, P.-A. Raviart, and N. Seguin.
Godunov-type schemes for hyperbolic systems with parameter-dependent
source. The case of Euler system with friction. Math. Models Methods
Appl. Sci., 20(11):2109–2166, 2010. ISSN 0218-2025. doi:
10.1142/S021820251000488X. URL
http://dx.doi.org/10.1142/S021820251000488X.

Y. Coudière, J.-P. Vila, and P. Villedieu. Convergence rate of a finite
volume scheme for a two-dimensional convection-diffusion problem.
M2AN Math. Model. Numer. Anal., 33(3):493–516, 1999. ISSN
0764-583X. doi: 10.1051/m2an:1999149. URL
http://dx.doi.org/10.1051/m2an:1999149.

J. Droniou and C. Le Potier. Construction and convergence study of
schemes preserving the elliptic local maximum principle. SIAM J. Numer.
Anal., 49(2):459–490, 2011. ISSN 0036-1429. doi: 10.1137/090770849.
URL http://dx.doi.org/10.1137/090770849.

F. Blachère (LMJL) GdR EGRIN, 04/06/2015, Piriac-sur-Mer 32/28

http://dx.doi.org/10.1142/S021820251000488X
http://dx.doi.org/10.1051/m2an:1999149
http://dx.doi.org/10.1137/090770849


References V

A. Duran, F. Marche, R. Turpault, and C. Berthon. Asymptotic preserving
scheme for the shallow water equations with source terms on
unstructured meshes. J. Comput. Phys., 287:184–206, 2015. ISSN
0021-9991. doi: 10.1016/j.jcp.2015.02.007. URL
http://dx.doi.org/10.1016/j.jcp.2015.02.007.

L. Gosse and G. Toscani. Asymptotic-preserving well-balanced scheme for
the hyperbolic heat equations. C. R., Math., Acad. Sci. Paris, 334:
337–342, 2002.

F. Blachère (LMJL) GdR EGRIN, 04/06/2015, Piriac-sur-Mer 33/28

http://dx.doi.org/10.1016/j.jcp.2015.02.007

	General context and examples
	Development of a new asymptotic preserving FV scheme
	Choice of a limit scheme
	Hyperbolic part
	Numerical results for the hyperbolic part
	Scheme for the complete system
	Results for the complete system

	Conclusion and perspectives
	Appendix

