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© Motivations
© One difficulty: the presence of a threshold

© Numerical simulations



Complex fluids
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Rheology

Rheology is the study of the flow of matter, primarily in a liquid state, but
also as solids under conditions in which they respond with plastic flow

rather than deforming elastically in response to an applied force.
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@ Motivations
© One difficulty: the presence of a threshold

© Numerical simulations



Bingham model

e Conservation equations (incompressible and isothermal case):

po(atu 4+u- Vu) 4+ Vp = divT,
divu = 0.

@ The stress is given by:

Du
T = 2up Du + O'()w

@ The deformation tensor and its Froebenius norm are defined by:

1

Du=>(Vu+ "(Vu)) and Du= ) |(Du);

1<ij<d

N
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e Conservation equations (incompressible and isothermal case):

po(Ou+u-Vu) +Vp = divr,
divu = 0.

@ The stress is given by:

T=2U Jow T =20 Du +0g o,

where the extra-stress satisfies:

Du .
o = m If |DU| 7é 0,
o<1 if [Du[=0.



Classical approaches

@ Variational inequalities
po/ (Btu+u-Vu)-(v—u)+2,u,0/Du : (Dv—Du)—i—aO/]Dv]—\Du] >0
Q Q Q
v" Well suited for finite volume methods

© Regularization

Du Du.
T:2MODU+UOM ~ TEZ2M0DU5+UQW

v’ Use results of the quasi-Newtonian models
v No stop in finite time!

Laurent Chupin (Clermont-Ferrand) Bingham type flows GdR EGRIN - Juin 2015 5/ 20



e Conservation equations (incompressible and isothermal case):
po(Ou+u-Vu) + Vp = divr,
divu = 0.

@ The stress is given by:

T =24 T =20 Du+ 0g o,

70Dyl

where the extra-stress satisfies:

Du .
g = W if |DU| # 0,
o] <1 if |Dul = 0.



Bingham model

e Conservation equations (incompressible and isothermal case):
00 (8tu +u- Vu) 4+ Vp = divT,
divu = 0.

@ The stress is given by:

T =2U O’OW T =2u0 Du + 09 o,

where the extra-stress satisfies:

o =P(o + rDu),
if [Du| = 0.

where P is the projector on the following convex closed set:

A= {a’ e 124 . jo(x)| <1, p.p.}.
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@ We introduce two non-dimensional numbers:

%e:pOVL and ‘BizULL.
Ho poV
@ The model becomes
1 Bi
atu—i—u-Vu—l—Vp— %AU = %dlva,

under the two constraints (r being any positif real)

divu=0 and o =P(o + rDu).



Algorithm: time discretization

u and p” being given we obtain u"*! solving
umtl —yn 1
- 4 Vp - AU =0
ot Ve Re
(1)
u™ =0
o0

We obtain (u"*!, p"*1) using the free divergence constraint:

untl _gntl .
— 5 T V"t -p")=0
divu" =0

u"tl.nl =0.
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Algorithm: time discretization

u”, o” and p" being given we obtain u™! |, " solving

umtt —u" 1 Bi
- \V4 "——Aﬁ""*'l:f liv n+1
e VP e Re 7
o™t =P(c" + rDu" 4 0(0" — o)) (1)
"t =o.
o0

We obtain (u"*1, p"*1) using the free divergence constraint:

un—i—l . ‘l]n—l—l gl ;
5y TV =P =0

divu™t =0 (2)

u"tl.nl =0.
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Algorithm: time discretization

Fixed point to solve (1) :

umtt —u” 1 Bi
v n—7A~n+1:7d. n+1
ot tve Re . Re va
o_n—i—l — [P(O'n+1 + rD’ﬁn+1 + (9(0'” o o_n+1))
u"t  =o.
o

ok being given, we obtain U™k then omk+1.

umk —un 1 B
- v \V/ n_iA’Vn,k: = & n,k,
5t VP T e Re 7
o = Pa™k + r DU + 0(0" — a™K)),
~n.k
; =0.
u o
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Assume that

20+ r'Bi < 2.

For each integer n € N, the sequence (™K, a™K), solution of system (3)
converges to (U"T1, "), solution of system (1).

Moreover the convergence is geometric with common ratio 1 — 6.




Numerical study - Proof of theorem 1

© Equation on differences U

\

k=urk —a"!and gk = o
1_ 1 Bi
—uk - — ATF —dwa’k
ot Re e
| =0,
o0

okt = P(U"’k + rDu™k ¢ O(c" — a'"’k))

© Energy estimate:

nk _ o.n+1

—P(e"™ 4+ rDu™! +0(c" — "1)).
Bi
||uk||Lz + f||Vuk\|L2 = — 5. (@, Duk).

© The projection P is a contraction:

17" |2y < (1=0)2 (15| F2(qy+ 2 V" || 2y +2r(1-0) (@, Du").
@ = @

@ Simple combination gives the result.
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Numerical study: stability result

Theorem 2 (Stability)

We assume that
rBi <1l et 6<1/2

The sequence (u",u", p", "), solution of system (1)—2) is bounded.

’ﬁnJrl —u”
ot
o_n+1 — P(o.nJrl + rDan+1 + 9(0‘”
un+1 _ ﬁnJrl
ot
divu"t =0

1
v n_7A~n+1:
+ Vp e u

+V(p"t —p") =0

n+1

o0 o0
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Numerical study - Proof of theorem 2

© Energy estimate:

~ 20t
HU"HHLz(Q) - ”U"HLz @ t+lu - UHH%Z(Q) + %!!Vu"“\liz(m

20tBi
Re
@ Control of (Vp", u"1) taking 5(u"tt + u"t1) + §t2V(p"*! + p") as
test function:
™ F2q) + 02 IVP " {2y
= 26t(Vp", U™ ) + [0 o) + V" 2(q

= —26t(Vp", u"1) — (o™, DL,

© Control of (™1, Du1):
Ollo™ gy + (1 - 20) 80" — 0" gy

< 2r2||V~"+1HLz ) +2r{e™ DI 4 00”2 q).
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Numerical study: convergence result

Theorem 3 (Convergence)

We assume that
r8i<1/3 et 6<1/3

If there exists a regular solution (u, p, o) of continuous system then the
sequence (u"),>o issued from the previous algorithm converges to u as n
tends to +oo. More precisely, there exists a constant C such that forall
0<n<N, we have

n
lu(ta) = u"|22 + 6> [IVu(te) — VU2 < C (05t +6¢2).
k=0
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@ Motivations
© One difficulty: the presence of a threshold

© Numerical simulations



Numerical scheme and implementation

o Time discretization: second-order projection method based on the
combination of the BDF2 (Backward Differentiation Formulae) and
the AB2 (Adams-Bashforth) schemes.

e Spatial discretization: Q = (0, L) x (0, L,) is discretized by using a
Cartesian uniform mesh.

Vij+1

(xi, Yj+1) I’J¢ (Xi+1, Yj+1)
\

Ugl™  Pioy T[T Uiy
1

(i) vl (Xit+1, )

e Implemented in a F90/MPI code. The PETSc library to solve the
linear systems and to manage data on structured grids.
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v=(1,0)
v=(1,0)




v=(1,0)
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Stationary flows in the lid-driven cavity at Sie = 1000
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Numerical estimates of the convergence rate

le-01 p—r—rrrrrm——r g
Data:
v’ Re = 1000 le02 4
v Bi=10
v r=20.01 i ]
v 0 =0t 1e-03 | .
v Ny = N, = 1024 : ]
Error graph: 15’045_ E
Ju — uretl|l2 = F(01) [ ]
e or 1e-03 5 1e-01
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Finite stopping times

Physical data:

vV Re=1

v Bi=1

v’ Stopped training velocity
at time t = 0.05

Graph of the L? norm:

lull2 = 6(2)
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Numerical data:

v r=0.1
v 6 =0.00125
v 6t =0.00125

v N,=N, =128

0,2
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