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Numerical issues

Stability criteria

@ Preservation of the “lake at rest” :
h+z=cte,u=0.

@ Robustness : preservation of the water depth positivity.

o Entropy inequalities.
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@ Characteristics
@ MUSCL extension
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@ [J.G. Zhou, D.M. Causon, and C. G. Mingham. The surface gradient method for
the treatment of source terms in the shallow-water equations. JCP, 2001.]

@ [B. Rogers, M. Fujihara, and A. Borthwick. Adaptive Q-tree Godunov-type scheme
for shallow water equations. Int. J. Numer. Meth. Fluids, 2001.]

@ [G. Russo. Central schemes for conservation laws with application to shallow water
equations. in Trends and applications of mathematics to mechanics, 2005.]

@ [A. Kurganov and D. Levy. Central-upwind schemes for the saint-venant system.
Math. Mod. Num. Anal., 2002.]
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@ [Q. Liang and A.G.L. Borthwick. Adaptive quadtree simulation of shallow flows
with wet—dry fronts over complex topography. Comput. & Fluids, 2009.]
"Pre-Balanced” formulation.

[Q. Liang and F. Marche. Numerical resolution of well-balanced shallow water
equations with complex source terms. Adv. Water Res., 2009.]
1D Finite Volume scheme.
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Reformulation of SW equations

1D Lake at rest configuration

Pre balanced formulation
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Evaluation of the numerical fluxes

Reconstruction at the interfaces

2k = max(zk_,z,f)7

77; = max(0,n, — Z),

hzr = max(O,n;r — ),
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Zk = Zc — max(0, 2 — 1, ),
o =h +% q, = ~q,
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hy Vet o
generalities
. P
St f+ s _ +
e =M T2, G = %
k
[E. Audusse et al. A fast and stable well-balanced scheme with hydrostatic
reconstruction for shallow water flows. SIAM J. Sci. Comput., 2004.]
v
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Evaluation of the numerical fluxes

Reconstruction at the interfaces

2k = max(zk_,z;“)7

h, = max(0,n, — Z),

772r = max(O,n: — ),

Vi= . - . _
Zk :Zk_max(())Zk_nk)a
V—:}‘.,— Y “_:_; -
U « T2k 5, A h_qka
k
V h
e =hr+2 QZZFQZ~
k

[E. Audusse et al. A fast and stable well-balanced scheme with hydrostatic

reconstruction for shallow water flows. SIAM J. Sci. Comput., 2004.]
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Source term discretization

FV and dG
schemes for
SW et GN Eq.

Numerical scheme : P B

Vin+1 _ Vin _

éij(k)Hij(k) + AtS; . (1)

Objective : Preservation of the motionless steady states.
Key idea : Involve the properties of the 1D scheme.
Accounting

for bottom
variations

Approximation of the source term

1 M) AG) 0
Si=—1= D _LiwSiwy = — 7~ b i Zi)n ’
= 2 i = gy 2 e (e ~20me)

— Provided an appropriate choice of 7, the scheme (1) can be
rewritten as a convex combination of 1D schemes.
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Characteristics

The scheme written under convex combination

n+1 _ n+1
Vi Z |C| u(k)’

At

Vol — e —(Hij(k)—’“’(‘/"72")"7'3'(“)Jr

s Ajj)

Ajjry
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At
SCE

@ Exact preservation of “lake at rest" configurations.
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At At
nil _yn B (v ) 2 e
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@ Exact preservation of “lake at rest" configurations.
@ Preservation of the positivity of the water depth.
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The scheme written under convex combination

n+1 _ | n+1
Vi Z |C| u(k)’

At
n+1 n =
Vitg = Vi = Do (M — H(Vi, 2)-iyn ) +

At
Ajj(k)

Sij(k) -

@ Exact preservation of “lake at rest" configurations.
@ Preservation of the positivity of the water depth.

@ Stability and robust treatment in the neighbourhood of dry areas
and wet/dry interfaces.
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MUSCL extension
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MUSCL extension

Numerical fluxes

Hijwy = H(Ve ™, Vi 28, 2, Ty -

[S. Camarri et al. A low-diffusion MUSCL scheme for LES on
unstructured grids. Comput. & Fluids, 2004.]
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Numerical fluxes

Hijwy = H(Ve ™, Vi 28, 2, Ty -

[S. Camarri et al. A low-diffusion MUSCL scheme for LES on
unstructured grids. Comput. & Fluids, 2004.]

o Well - balancing.
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MUSCL extension
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Numerical fluxes

Hijuy = H(VE ™ VT 50 5, g -

[S. Camarri et al. A low-diffusion MUSCL scheme for LES on
unstructured grids. Comput. & Fluids, 2004.]

o Well - balancing.

MUSC.L
@ Robustness. extension
[C. Berthon. Robustness of MUSCL schemes for 2D

unstructured meshes. J. Comput. Phys., 2006.]
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dG method : general background

PY(T) := {2 variables polynomials on
Tof degree at most d} .
Vy = {veLl}(Q)|VT €Ty, vr € PU(T)}

Ny
Approximate solution : Vj(x, t) = Z Vi(t)0i(x), VxeT.
=1
Local weak formulation (1)
0
EV+ V.H(V,z)=5(V,z)
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Approximate solution : Vj(x, t) = Z Vi(t)0i(x), VxeT.

Local weak formulation (2)
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dG method : general background

PY(T) := {2 variables polynomials on
Tof degree at most d} .
Vy = {veLl}(Q)|VT €Ty, vr € PU(T)}

Approximate solution : Vj(x, t) = Z Vi(t)0i(x), VxeT.

Local weak formulation (4)

/T%V%(x)dx—k J7 V. H(V, )¢y (x)dx | = /TS(V’Z)‘z’h(X)dX

/F%quh(x x—/7_H(V,z).V¢h(x)dx+
/ H(V, 2).7ig (s)ds = / S(V, 2)éy (x)dx
oT T
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dG method : general background

FV and dG

PY(T) := {2 variables polynomials on schemes for
SW et GN Eq.

Tof degree at most d} .
Vyi={veL}Q)|VT €Ty, vr € PU(T)}

Arnaud Duran

Approximate solution : Vj(x,t) = Z Vi(t)0,(x), VxeT.

Through a semi-discrete formulation (1)

oV — Vh
0 Ny Vi(t)0 d H(V, \V4 d g
/;_a(; l( ) /(X))¢h(X) X—/:r ( b7zh)' ¢b(x) x + gen:::fm‘:s.

| Hh,z) on(s)ds = [ S(Vh, z0)6n(x)dx
oT T
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dG method : general background

FV and dG

PY(T) := {2 variables polynomials on schemes for
SW et GN Eq.

Tof degree at most d} .
Vyi={veL}Q)|VT €Ty, vr € PU(T)}

Arnaud Duran

Approximate solution : Vj(x, t) Z Vi(t)d,(x), VxeT.

Through a semi-discrete formulation (2)

o/ — Vh
0(]5;] — 9j
9 /ol
/T a(; v,(t)e,(x))aj(x)dx - /T H( Vs, 26).V0;(x)dx + 4 method

H(Vh,zh).ﬁQJ-(s)ds:/ S(Vh, 25)6;(x)dx
oT T
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dG method : general background

PPY(T) := {2 variables polynomials on e e

SW et GN Eq.

Tof degree at most d} .
={velX(Q)VT €Ty, vr € PU(T)}

Arnaud Duran

Ny
Approximate solution : Vj(x,t) = Z Vi(t)0,(x), VxeT.
=1
Through a semi-discrete formulation
oV — V[]
/ Bt(z Vi(£)8)(x ) x)dx — /T H( Vs, 26).V0;(x)dx + ic e

Z/ H( Vs, 2o)-iiji(x0; (s )ds—/S(Vh,zb)Gj(x)dx

u(k
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Numerical fluxes

FV and dG
schemes for
SW et GN Eq.

Arnaud Duran

Contributions on the edges

/ H(Vb,zb).ﬁﬁ(k)ﬂj(s)ds.
)

Numerical
uxes
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Contributions on the edges

/ H(Vb,zb).ﬁﬁ(k)ﬂj(s)ds.
)

H(Vy, 2)-Tijiny ~ Hijy = H(Vie, Vi, 2, 2k, i) -
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Numerical fluxes
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Contributions on the edges

. Arnaud Duran
H( th zh).n,-j(k)ﬁj(s)ds o
Fijck)

H( Vb>zh)-ﬁU(k) ~ H;j(k) = ’H(\v/k_, \v/,j_,fk,fk, ﬁu(k))
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Numerical fluxes
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Contributions on the edges

Arnaud Duran
/r H( Ve, 26)-Bys8i(5)ds

ij(k)

H( bezh)-ﬁij(k) ~ H;j(k) = ’H(\v/k_, \v/,j_,fk,fk, ﬁu(k))

- N
-~ N\ // ‘\\ ///
/;—\/ \\\’/’ V ~ -
1+1
Vi
1 1+ 1
VF Numerical

uxes
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/r H( Ve, 26)-Bys8i(5)ds

ij(k)

H( bezh)-ﬁij(k) ~ H;j(k) = ’H(\v/k_, \v/,j_,fk,fk, ﬁu(k))
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Numerical fluxes

Contributions on the edges FV and do
SW et GN Eq.
/ H( th zh).ﬁ,-j(k)ej(s)ds . Arnaud Duran
)

H(Vyy, 26)- iy = Mgy = (Vi Vi, 21, 2, i) -

N0
\V Numerical

VF

Arnaud Duran - I3M FV and dG schemes for SW et GN Eq. 01/06/2015 13 / 285



Numerical fluxes

FV and dG
schemes for
SW et GN Eq.

/r H( Vf)v Zh).ﬁ,-j(k)ej(s)ds . Arnaud Duran
ij(k)

H(Vy, 2p)-Bijjky ~ Hijey = H(Vie, Vi, 2, 2, i) -

Contributions on the edges

Vil Ve

Numerical
uxes
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Numerical fluxes

FV and dG
schemes for
SW et GN Eq.

Contributions on the edges

/ H(Vy, zy).Tijj(iy 0i(s)ds . Arnaud Duran
)

H(Vh,zh)'ﬁij(k) ~ Hij(k) = ’H(\V/k_, \U/:,Ek,fk, ﬁlJ(k))

Numerical
uxes

DG
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Numerical fluxes

FV and dG
schemes for
SW et GN Eq.

Contributions on the edges

/ H( th zh)-ﬁij(k)ej(s)ds 0 Arnaud Duran
Uitk

H(Vy, 2o)-iik) &~ iy = H(V, Vil 2, 2 Tiigon) -

/AN VA vt Vo

/
sl

Numerical
uxes
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Numerical fluxes

Contributions on the edges FV and do
SW et GN Eq.
/ H( th zh).ﬁ,-j(k)ej(s)ds . Arnaud Duran
)

H(Vy, 2o)-iik) &~ iy = H(V, Vil 2, 2 Tiigon) -

- o » N
A oo
i

Numerical
uxes

— Preservation of the motionless steady states.
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Preservation of the water depth positivity

FV and dG
schemes for

n — SW et GN Eq.
dG schemes and maximum principle
Arnaud Duran

@ [X. Zhang and C.-W. Shu. On maximum-principle-satisfying high order
schemes for scalar conservation laws. J. Comput. Phys., 2010.]. dG method
with maximum principle. 1D et 2D structured meshes, application to Euler
equations.

@ [Y. Xing and X. Zhang and C.-W. Shu. Positivity-preserving high order
well-balanced discontinuous Galerkin methods for the shallow water
equations. Adv. Wat. Res., 2010.]. Application to 1D SW equations.

@ [Y. Xing and X. Zhang. Positivity-Preserving Well-Balanced Discontinuous
Galerkin Methods for the Shallow Water Equations on unstructured
triangular meshes. J. Sci. Comp., 2013.]. Extension to triangular meshes.

4

The method

Reduces to the study of a convex combination of first order Finite :
Volume schemes using appropriate quadrature points. o the venver

v chrlh
positivity
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Outline

FV and dG
schemes for
SW et GN Eq.

Arnaud Duran

e Extension to dispersive equations

@ The physical model Extansion to
. iIspersive
@ Reformulation of the system equations

@ High order derivatives
@ Handling breaking waves
@ Numerical validations
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Model presentation

hx,t) =n(r,t) + ho — z(x)

@ [D. Lannes, F. Marche. A new class of fully nonlinear and weakly

dispersive Green-Naghdi models for efficient 2D simulations. JCP, February
2015, 38-268.]

Revoke the time dependency

Oen + Ox(hu) =0,
[1+ aT[hy]] (&hu + O (hu?) + "‘T’lghaxn) + Lghd,n
+h (Qu(u) +gQa(n)) +gQs([1 + a[h]] " (ghdum)) = 0.

od  F[hlw = —%35;2 (%) — h?0chdy (%)

Qi—1,2,3 : non linear, non conservative terms with second order derivatives.

) hb:ho_zv

FV and dG
schemes for
SW et GN Eq.

Arnaud Duran

The physical

mode|

o’
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Isolation of the hyperbolic part

FV and dG
schemes for
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A convenient formulation

0

_ Arnaud Duran
SU+06(U) = B(U,2)

Shallow Water

Reformulation
of the system
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A convenient formulation

0

_ Arnaud Duran
SU+06(U) = B(U,2)

Shallow Water

1D Shallow Water equations :

U= <hhu> , G(U) = (gh2Thu2) . BU)= <gl?8xz> ’

Reformulation
of the system
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Isolation of the hyperbolic part

A convenient formulation

FV and dG
schemes for
SW et GN Eq.
0 .
—U+8XG(U) _ B(U, Z) + @(U,Z) Arnaud Duran
ot ———
Shallow Water Dispersive terms

1D Shallow Water equations :

U= <hhu> , G(U) = (gh2lfhu2) ., BU)= <gl?8xz> ’

Dispersive terms :

D(V,7) = (@hu(ov,z)) , with

Dhu(V,2) = [1+ aZ[hp]] - (%gh@xn + h(Q1(u) + gQ2(n))

+g93 ( [1 + af{[hb]] _l(ghaxn))) — égh@xn )

Reformulation
of the system
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Isolation of the hyperbolic part

FV and dG
schemes for
SW et GN Eq.

A convenient formulation

Arnaud Duran
9 Ut0.6(U) = BU,2)+ D(U,2)
ot ——

Dispersive terms
Shallow Water P

@ Hyperbolic part : ok

Reformulation
of the system
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Isolation of the hyperbolic part

A convenient formulation

ot
Shallow Water Dispersive terms

@ Hyperbolic part : ok

@ Dispersive part :

Ny
Dy(x,t) = Z Di(t)0,(x), x € C.
I=1

Arnaud Duran - I3M FV and dG schemes for SW et GN Eq.
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Arnaud Duran

Reformulation
of the system
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Isolation of the hyperbolic part

FV and dG
schemes for
SW et GN Eq.

A convenient formulation

Arnaud Duran
9 U48,6U) = B(U,z) + D(U,72)
ot
Shallow Water Dispersive terms

@ Hyperbolic part : ok

i i Reformulati
o Dispersive part : cformulation

of the system

Ny
Dy(x,t) = Z Di(t)0,(x), x € C.
I=1

o Well balancing and robustness,
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Isolation of the hyperbolic part

FV and dG
schemes for
SW et GN Eq.

A convenient formulation

Arnaud Duran
9 U48,6U) = B(U,z) + D(U,72)
ot
Shallow Water Dispersive terms

@ Hyperbolic part : ok

i i Reformulati
o Dispersive part : cformulation

of the system

Ny
Dy(x,t) = Z Di(t)0,(x), x € C.
I=1

o Well balancing and robustness,
o Treatment of the second order derivatives.

Arnaud Duran - I3M FV and dG schemes for SW et GN Eq. 01/06/2015



LDG formalism

Simplified case : T = 0,2

Consider the second order ODE :
f— Bfu =0. (2)

(2) reduces to a coupled system of first order equations.

f+0,v=0 , v+0,u=0.
Weak formulation

xi
// foy —
>

[ ven— [ ush + Bn(r) ~ By () =0,

/X | v+ Tron(xF) = () = 0.

r

A\

Arnaud Duran - I3M FV and dG schemes for SW et GN Eq.

FV and dG

schemes for
SW et GN Eq.

Arnaud Duran

High order
derivatives

01/06/2015 18 / 25



LDG formalism

Simplified case : T = 0,2

Consider the second order ODE :
f— Bfu =0. (2)

(2) reduces to a coupled system of first order equations.

f+0,v=0 , v+0,u=0.

Weak formulation

[ fon— [ v+ Ty () — Tion() =0,

r r

[ ven— [ ush + Bn(r) ~ By () =0,

A\

LDG schemes :

[B. Cockburn and C.-W. Shu. The Local Discontinuous Galerkin
method for time-dependent convection-diffusion systems. SIAM J.
Numer. Anal., 1998].

FV and dG
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Arnaud Duran

High order
derivatives
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Handling breaking waves

FV and dG
schemes for
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Protocol : At each time step Fr e

o Detection : evaluation of I¥ on each cell k.

Handling
reaking
waves

Arnaud Duran - I3M FV and dG schemes for SW et GN Eq. 01/06/2015 19 / 28



Handling breaking waves
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schemes for
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Protocol : At each time step Fr e

o Detection : evaluation of I¥ on each cell k.

o Determination of the breaking area.

Handling
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Handling breaking waves

Protocol : At each time step

o Detection : evaluation of T¥ on each cell k.

@ Determination of the breaking area.

FV and dG
schemes for
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Arnaud Duran
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Handling breaking waves

FV and dG
schemes for

SW et GN Eq.

Protocol : At each time step Arnaud Duran

o Detection : evaluation of T¥ on each cell k.

@ Determination of the breaking area.

@ Switching strategy

e Suppress of the dispersive terms on the targeted area.

Handling
reaking
waves
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Handling breaking waves

Protocol : At each time step

o Detection : evaluation of T¥ on each cell k.

@ Determination of the breaking area.

@ Switching strategy

e Suppress of the dispersive terms on the targeted area.
o Application of limiter to treat the hyperbolic part (Shallow
Water).

FV and dG
schemes for
SW et GN Eq.

Arnaud Duran

Handling
reaking
waves
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Convergence analysis and model comparison

. FV and dG
Profiles schermes for
SW et GN Eq.

Arnaud Duran

n(m)

0 20 40 . 60 80 100 )
Ne
20 40 80 160 320 order M

‘ ‘ ‘ validations

2.5e-1 | 42e-2 | 1.0e-3 | 2.8e-3 9.6e-4 1.9
7.5e-2 | 7.5e-3 | 6.2e-4 | 6.5e-5 7.7e-6 3.2
45e-3 | 3.0e-4 | 1.7e-5 | 9.4e-7 5.7e-8 4.0
7.0e-4 | 1.6e-5 | 4.6e-7 | 1.4e-8 | 4.4e-10 5.1
6.1e-5 | 7.6e-7 | 1.0e-8 | 1.6e-10 | 3.1e-12 | 6.1

s wN R=

A\
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Convergence analysis and model comparison

FV and dG
schemes for
SW et GN Eq.

Profiles

Arnaud Duran

n(m)

Convergence rates

N| 20 | 40 | 8 | 160 | 320 | order Nl

validations
25e-1 | 42e-2 | 1.0e-3 | 2.8e-3 9.6e-4
7.5e-2 | 7.5e-3 | 6.2e-4 | 6.5e-5 7.7e-6
45e-3 | 3.0e-4 | 1.7e-5 | 9.4e-7 5.7e-8
7.0e-4 | 1.6e-5 | 4.6e-7 | 1.4e-8 | 4.4e-10
6.1e-5 | 7.6e-7 | 1.0e-8 | 1.6e-10 | 3.1e-12

A\
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CPU time

FV and dG
schemes for
SW et GN Eq.

Arnaud Duran

Evolution of the ratio 7 = po/pc -
p : mean iteration time (based on 1000 iterations).

N

e
N | 1000 | 2000 | 3000 | 4000 | 5000 | 6000
1323 ] 321 ] 304 296 | 294 | 2.90
2 | 409 | 427 | 414 | 401 | 3.90 | 3.84
3 1532|511 | 503|497 | 491 | 487
4 | 601 | 577 | 567 | 563 | 551 | 555
5| 666 | 638 | 6.32 | 6.30 | 6.26 | 6.16 i
6 | 715 | 6.99 | 7.05 | 6.97 | 6.86 | 6.54 validations
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Propagation of highly dispersive waves

Effects of an increase of N (gauge 19)

n(m)

x=19m

x=10.5m
0.02
-, L)
001 [ T, Y
v
~. '.
0 . i .
\ ;
l'.
0.01 "
0.02
1 2
x(m)

n(m)

x=13.5m
i T
i
‘
K PoA
FEANY {
e, o
1 2 3
x(m)
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Propagation of highly dispersive waves

Effects of an increase of N (gauge 19)

x=19m

x=15.7m x=17.3m
0.03 0.03
0.02 0.02 -
" !
__ oot . __‘- __ oot i H
E o B ’ !
= . = " H i -
[ ; LS o, -
LI ¥ W R
0.01 |5, / Y 0.01
L, . 't , .
0.02 0.02
1 2 3 4 1 2 3 4
x(m) x(m)
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Perspectives

e Perspectives
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@ Boundary conditions.

Perspectives

Arnaud Duran - I3M FV and dG schemes for SW et GN Eq. 01/06/2015 24 / 25



Perspectives

FV and dG
schemes for
SW et GN Eq.

Arnaud Duran

@ Boundary conditions.

e Handling breaking waves, coupling GN/SW.
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Perspectives
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Arnaud Duran

@ Boundary conditions.

e Handling breaking waves, coupling GN/SW.
Perspectives

@ 2D extension of the dispersive scheme on triangular meshes.
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Thank you'!

Perspectives
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