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Introduction of the equations

We consider the Green-Naghdi equations,

{8th+8xhu -0, O

drhu + dxhu? + dx(gh?/2 4+ ah®h) = 0.

where h is the water height, v is the horizontal speed and
a > 0.The material derivative is given by () = 9:() + udx().

Free surface
~—
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@ Symmetric structure of the equations
@ Some reminders about hyperbolic systems
@ Generalization of the notion of symmetry

© Global existence for small data of the viscous system
@ Results for hyperbolic systems obtained by several authors
@ Global existence for small data of the viscous Green—Naghdi
system

3/42



Some reminders about hyperbolic systems

Let us consider a one dimensional n-hyperbolic system of

conservation law
0:U + OxF(U) = 0. (2)

where F is a function defined on an open subset Q of R”.

Definition

The system (2) is symmetrizable if there exists a change of variable
U — V, a symmetric definite positive matrix Ag(V) and a
symmetric matrix A;(V), such that the system is written under the

form
Ao(V)0:V + AL(V)d,V = 0.
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Some reminders about hyperbolic systems

Let us consider a one dimensional n-hyperbolic system of
conservation law

0:U + 0, F(U) = 0. (2)

where F is a function defined on an open subset Q of R”.

Definition

The system (2) is symmetrizable if there exists a change of variable
U — V, a symmetric definite positive matrix Ag(V) and a
symmetric matrix A;(V), such that the system is written under the

form
Ao(V)0:V + AL(V)d,V = 0.

Definition

The system (2) admits an entropy in the sense of Lax if there exists
a strictly convex function E and a function P defined on Q such
that

(VuF(U))T VyE(U) = VyP(U).
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Some reminders about hyperbolic systems

System (2) admits an entropy in the sense of Lax i.e. it is such that

(VuF(U))T VyE(U) = VyP(U),

iff the solution U of the system satisfies

O:E(U) + 8 P(U) = 0.
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Some reminders about hyperbolic systems

Remark

System (2) admits an entropy in the sense of Lax i.e. it is such that
(VuF(U))T VyE(U) = VyP(U),

iff the solution U of the system satisfies

O:E(U) + 8 P(U) = 0.

Proposition (Godunov 1961 )

All entropic hyperbolic systems are symmetrizable under any
variable.
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Some reminders about hyperbolic systems

This is due to the fact that all entropic hyperbolic systems own a
Godunov structure i.e. it is written under

0 (VoE*(Q)) +0x (VoP(Q)) =0,
where
E*=Q U—E),
is the Legendre Transform of E for the change of variable
Q= VUE(U)a

and R
P(Q)= Q- F(U(Q)) — P(U(Q)).

6/42



Multidimensional generalization : The symmetric structure and
the entropy of the following hyperbolic system,

d
0:U+Y 0, Fi(U) =0, (3)

i=1

are respectively defined by
8tV+ZA )0,V =0,

and
VuE(U)VuF;(U) = VUp,'(U) Vi e {1, ceey d},

for a strictly convex function of U and some functions P;.

Then, a similar proposition holds true.
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Generalization of the symmetrizability

@ Symmetric structure of the equations
@ Some reminders about hyperbolic systems
@ Generalization of the notion of symmetry
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Generalization of the symmetrizability

Let us now consider the following general system
0:U + 0xF(U) =0, (4)

where U € C([0, T); A) for some T > 0 and F is a differentiable
application acting on a functional space A (a subspace of L2(R)).
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Generalization of the symmetrizability

Let us now consider the following general system
0:U + 0xF(U) =0, (4)

where U € C([0, T); A) for some T > 0 and F is a differentiable
application acting on a functional space A (a subspace of L2(R)).

Definition

The system (4) is symmetrizable if there exists a change of variable
U+~ V, a symmetric definite positive operator Ag(V) and a
symmetric operator A;(V), such that the system is written under

the form
Ao(\/)at\/ -+ A1(V)8XV =0.
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Generalization of the symmetrizability

We have for hyperbolic systems

Godunov structure < Entropy in the sense of Lax.
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Generalization of the symmetrizability

We have for hyperbolic systems
Godunov structure < Entropy in the sense of Lax.

What we do here

function E — functional H = / E
R

gradient V > variational derivative 0.

Hessienne V2 — second variation §2.
H = / U-o6yH — E(U).
R

Godunov structure — general Godunov structure.
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Generalization of the symmetrizability

Theorem (K. 2014)

Let us assume that there exists a functional H(U) = [ E(U)
strictly convex on an open convex subset ) of A such that

63 H(U)DyF(U) is symmetric. Then, (4) owns a general Godunov
structure i.e. the system is written under

0:(3QH"(Q)) + 0x (3QR(Q)) = O, ()

where

Q = 6U%(U)’
and R is a functional defined on 0H ().
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Generalization of the symmetrizability

Theorem (K. 2014)

Let us assume that (4) owns a general Godunov structure through
a strictly convex functional H of Q. Then, the system is
symmetrizable under any change of unknown U +— V i.e. it is
equivalent to

Ao(V)8:V + Ay (V) V = 0.

Moreover, the expressions of the symmetric definite positive
operator Ap(V') and the symmetric one A1(V) are given by

Ao(V) = (DyU)T62/H(U)Dy U, (6)

and

A1(V) = (DyU)T63H(U)DyF(U)Dy U. (7)
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Generalization of the symmetrizability

The three following statements are equivalent :

© System (4) owns a general Godunov structure through a
strictly convex functional H*.

@ There exists a strictly convex functional H such that the
operator 63, H(U)DyF(U) is symmetric.

© System (4) is symmetrizable under any change of unknown
U V of the form Ay(V)0:V + A1(V)0xV = 0 where the
expressions of Ao(V') and A1(V) are given by (6) and (7).
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Generalization of the symmetrizability

The three following statements are equivalent :

© System (4) owns a general Godunov structure through a
strictly convex functional H*.

@ There exists a strictly convex functional H such that the
operator 63, H(U)DyF(U) is symmetric.

© System (4) is symmetrizable under any change of unknown
U V of the form Ay(V)0:V + A1(V)0xV = 0 where the
expressions of Ao(V') and A1(V) are given by (6) and (7).

The system is symmetrizable only while the solution remains in the
domain of convexity of H. We say that the system is locally
symmetrizable on a particular solution Uy if the Hamiltonian H is
strictly convex on a neighborhood of Ug.
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Interesting change of variable

e It is based on the decomposition U = (U1, U») of the unknown
if the following change of variable is well-defined.

@ It is given by the partial variational derivative of the strictly
convex functional H i.e. by

U— V= (Vl, \/2),

such that
U1 = V1 and Vg = 5U2H(U)

Advantage : The definite positive operator Ag(V) is bloc
diagonal.
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The link with the conservation law

Question : It is well-known that in the case of hyperbolic systems,
the Godunov structure and the existence of an entropy equality are
equivalent. Does such an equivalence hold true for the abstract
system (4)7?

Proposition (K. 2014)

Let us assume that (4) is a general Godunov system on an open
convex subset Q of A. i.e. there exists a strictly convex functional
H = [p E(U) defined on Q such that, as long as U remains in Q,
the system is Wr/tten under

0:(0QH*(Q)) + 0« (0QR(Q)) =

for Q = 6yH(U) and a functional R(Q) = [z R(Q) defined on
duH (). Then, the solution U satisfies

/ O E(U)+0N(U) dx = 0, with N(U) = Q(U)-F(U)—R(Q(U)).
R
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Differences with the hyperbolic case

Contrary to the case of hyperbolic systems, the reciprocal of the
proposition is false. This is due to

/RDUN(U)QS:/R&UH(U)-DUF(UW Vo € A

/DUN(U)(?XU:/5U’H(U)-DUF(U)8XU.
R R
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Differences with the hyperbolic case

Contrary to the case of hyperbolic systems, the reciprocal of the
proposition is false. This is due to

/ DyN(U)é = / SUH(U) - DyF(U)6 Vo € A<
R R
/ DyN(U)OU = / SUH(U) - DyF(U)dxU.
R R
Weak symmetry : Moreover, the general Godunov structure of the
system does not lead to a conservation law but it leads to a
conserved quantity. This is due to the fact that the definition of the

generalized symmetry we chose is weak (based on the IL? scalar
product). Therefore, we can call it the weak symmetry.
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Multi-dimensional generalization

atU+zn:6X,F,-(U) = 0. (8)

i=1
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Multi-dimensional generalization

0:U + ) 0 Fi(U) =0. (8)
i=1
The following conditions are equivalent

@ There exists a strictly convex functional #(U) = [, E(U) such
that 62H(U)DyFi(U) is symmetric for all j € {1, vey n}.
@ System (8) is a general Godunov system. i.e. it is equivalent to

0:(5oH*(Q)) + Z 94 (6eRi(Q)) =0,

for some functionals R;(Q) = [, Ri(Q) with i € {1,...n} and a
strictly convex functional #* .

© System (8) is symmetrizable under any change of unknown
UV with

Ao(V) = (DvU)T65H(U)Dy U,  Ai(V) = (DvU)" 65H(U)DyFi(U)Dy U.
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Application to the Green—Naghdi equations

Let us now consider again the Green-Naghdi equations,

(9)

ath + 8x(hU) = 0,
dr(hu) + dx(hu?) + 8, (gh?/2 + ah®h) = 0.

and let us introduce the variable (Li, 2002)

m = Lp(u) = hu — ady(h*dxu).
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Application to the Green—Naghdi equations

Let us now consider again the Green-Naghdi equations,

O¢(hu) + 8X(hu2) + 8X(gh2/2 + ah2h) -0 (9)

{ath + Oy (hu) =0,
and let us introduce the variable (Li, 2002)
m = Lp(u) = hu — ady(h*dxu).

The system is equivalent to

0:U + 0,F(U) =0,

where
U= (h,m),
hLt(m)
F(U) = -1 . 3 h—1 2,812 _8R2|°
mL,(m) — 2ah*>(0.L, " (m))* + §h* — §h;
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Application to the Green—Naghdi equations

The Green-Naghdi equations is a particular case of the abstract
frame presented before, since F is a twice differentiable application
acting on

A = (H(R) + he) x HL(R)

for all integer s > 2 and all he > 0.
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Application to the Green—Naghdi equations

The Green-Naghdi equations is a particular case of the abstract
frame presented before, since F is a twice differentiable application
acting on

A= (H*(R) + he) x H*"}(R)

for all integer s > 2 and all he > 0.

The space A is also the space of the local well-posedness of the
system (Li 2006, Israwi 2011, Lannes 2008).

19/42



Application to the Green—Naghdi equations

The Green-Naghdi equations is a particular case of the abstract
frame presented before, since F is a twice differentiable application
acting on

A = (H(R) + he) x HL(R)

for all integer s > 2 and all he > 0.

The space A is also the space of the local well-posedness of the
system (Li 2006, Israwi 2011, Lannes 2008).

After basic computations, we remark that the solution of the
system satisfies
6tEhe(U) + 8XP,,€(U) =0,

where
Ep, = gh(h — he)/2 + hu? /2 4+ ah®(uy)?/2,

and )

Py, = u (Ehe +gh?/2 + ah2h) .
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Application to the Green—Naghdi equations

Proposition (K. 2014)
The Green-Naghdi equation is locally symmetrizable on (he,0).
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Application to the Green—Naghdi equations

Proposition (K. 2014)

The Green-Naghdi equation is locally symmetrizable on (he,0).

@ We consider the energy integral Hy, = fR Es,, which is strictly convex on
(he, 0).

@ We remark that the system is a general Godunov system of the form
0t (0aH1.(Q)) + 0% (oR(Q)) = 0,

where

20
2

R(Q) = /]Rgu (h2 ~ hg) — ahPu(u).

Q = SuHn(U) = (gh — ghe/2 — u? /2 — Zah®(uy)?, u),

and
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Here is the symmetric structure of the system under the physical
variable V = (h, u) :

Ao(V) = <g —3ah(u)? 0 > |

0 L
and
AL(V) = gu — 3achu(uy)? gh — 3ah?(uy)?
! “ \gh—3ah?(u)?  hu+ 200, (h3uy) — ah3udx — aud(h30())

Ao(V) is diagonal because V= (h, u) is obtained by the partial
variational derivative of Hp, with respect to m i.e

(h, u) = (h, 0mHp (U)).
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Application to the Green—Naghdi equations

The symmetric structure of the system under the variable
Q = (gh— ghe/2 — u?/2 — %ahz(ux)2, u) is given by :

Ao(Q) =

T wt3ah®uxdye
g—3ah(ux)2 g—3ah(ux)?

_u 12 uy o >

7 3anaZ 300 m()) L+ (g73ah(uX)2) (U+3ah (ux)ax)

_ 2 u()+3ah?uydx()
3adyx (h uXig—Bah(ux)z )

A1(Q) =
u h u?+30h? uuy Oy
g—3ah(ux)? Tg—3ah(ux)?
b s Sedd e ) s PR oo, (1%,0) — s (0.0)
—3ady (hzuzuztzih:(gigg)zax())
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Application to the Green—Naghdi equations

The general Godunov structure of the system implies the
conservation of the Hamiltonian Hp, over time.
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Application to the Green—Naghdi equations

The general Godunov structure of the system implies the
conservation of the Hamiltonian Hp, over time.

e A 2D generalization is possible.
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Application to the Green—Naghdi equations

The general Godunov structure of the system implies the
conservation of the Hamiltonian Hp, over time.

e A 2D generalization is possible.

@ A generalization to all constant solutions of the form (he, ue)
is possible.
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Global existence results

© Global existence for small data of the viscous system
@ Results for hyperbolic systems obtained by several authors
@ Global existence for small data of the viscous Green—Naghdi
system
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Hyperbolic-Parabolic Systems by Kawashima—Shizuta

Theorem (Kawashima-Shizuta, 1986)

Let us consider a n-hyperbolic-parabolic system of the form
Ao(U)8:U + A1 (U)dU = BAZU, (10)

such that

@ Symmetrizability : Ao(U) is a symmetric definite positive matrix, A1(V)
is a symmetric matrix.

@ Entropy dissipativity : B is a symmetric constant definite positive matrix
such that its kernel is invariant under Ao(U).

@ Kawashima—Shizuta condition : There exists a real matrix K such that
KAo(Ue) is skew-symmetric and 1 (KA1(Ue) + A1(Ue)KT) + B(Ue) is
definite positive for a constant solution Us..

Then, the equilibrium U, is asymptotically stable for the norm of the space
C([0, 00); H*(R)) for all integer s > 2.
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Assymptotic stability

Definition

A particular global solution U, of an evolution system is called
asymptotically stable if there exists a neighborhood of U, such that
for all initial data in this neighborhood, the solution of the system
exists for all time and converges to U, while t — co.
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Hyperbolic systems with friction

Theorem (Hanouzet—Natalini 2003, Yong 2004)

Let us consider a n system with a friction of the form
Ao(U)0:U + A1 (U)o U = (0, Q(V)), (11)
where U = (U, U>) is a n component vector. Let us also consider a constant

vector U, = (U2, U?) such that Q(U.) = 0. We also assume that

@ Symmetrizability : Ao(U) is a symmetric definite positive matrix, A1(V)
is a symmetric matrix.

@ Entropy dissipativity : There exists a definite positive matrix B(U) such
that Q(U) = —B(U)(U> — U?).

@ Kawashima—Shizuta condition : There exists a real matrix K such that
KAo(Ue) is skew-symmetric and

1 T 0 0
L n e aan) (0 o8,
is definite positive.

Then, the equilibrium U. is asymptotically stable for the norm
C([0, 00); H*(R)).
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Sketch of the proof for hyperbolic case

The proof is based on two class of estimates :

@ The first category is obtained by taking the scalar product of
the sth derivative of the system by the st derivative of the
solution using the symmetric structure and the entropy
dissipativity.
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Sketch of the proof for hyperbolic case

The proof is based on two class of estimates :

@ The first category is obtained by taking the scalar product of
the sth derivative of the system by the st derivative of the
solution using the symmetric structure and the entropy
dissipativity.

@ The second category is obtained by acting the operator K95 !
on the system before taking the scalar product by the st
derivative of the solution.

Combining these two estimate we can find § > 0 such that for all
initial data in the d-neighborhood of Uk, the solution belongs to the
neighborhood far all time.
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Is it possible to prove the global existence of the solution of the
Green-Naghdi equation with the p-viscosity by generalizing the
techniques already used for hyperbolic systems?

(12)

dth + dxhu = 0,
Orhu + B hu? + 0y (gh? /2 + ah®h) = pdy(hdyu).

The local well-posedness space is for
X*(R) = (H*(R) + he) x H"H(R),

for some integer s > 2.
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Difficulties :
@ Ao(V) and A;(V) are not matrix but operators of order 2.
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Difficulties :
@ Ao(V) and A;(V) are not matrix but operators of order 2.

@ no operator generalization of the Kawashima-Shizuta condition
is available for the Green-Naghdi equation.
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Asymptotic stability of the equilibriums of the GN equations
with viscosity

Theorem (K. 2015)

Let us consider the equilibrium Ve = (he, ue) of (12) and 5 > 2 an
integer. Then, there exists § > 0 such that for all initial data

Vo = (ho, up) € Bs(Ve,d) , the solution V exists for all time and
converges asymptotically to V.

In other words, every constant solution Ve = (he, ue) of (12) is
asymptotically stable.

Notation : Bs( V., d) represents the d-neighborhood for the norm
X® of the equilibrium V..
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Asymptotic stability of the equilibriums of the GN equations
with viscosity

Theorem (K. 2015)

Let us consider the equilibrium Ve = (he, ue) of (12) and 5 > 2 an
integer. Then, there exists § > 0 such that for all initial data

Vo = (ho, up) € Bs(Ve,d) , the solution V exists for all time and
converges asymptotically to V.

In other words, every constant solution Ve = (he, ue) of (12) is
asymptotically stable.

Notation : Bs( V., d) represents the d-neighborhood for the norm
X5 of the equilibrium V. In fact, we just need to prove the
theorem for equilibriums of the form

Ve = (he,0).

This is due to the existence of a special invariance for the system.
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Asymptotic stability of the equilibriums of the GN equations

with viscosity

Remark (Li, Bagderina, Chupakhin)

The operator v = t0y + 0, is a infinitesimal generator of a
symmetry group of (12) . That is to say that

Vi = (h(x — Bt, t), u(x — Bt, t) + B)

is also a solution of (12) for all solution VV = (h, u) and all € R.
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The key of the proof for the stability of equilibriums is the following
proposition :

Proposition (K. 2015)

Assume also that there exists T > 0 such that the unique local
solution V satisfies V(T) € Bs(Ve,d) for all0 < T < T. Then, we
have for all T € [0, T),

)
(1= On.cy (6)) 1| V(T) = Ve 35 +Ciny(6) /  ue [2e<

)
Crtoa(8) | V(0) = Ve [135 +0 00 (6) /0 I ue B

<

Notation : Symbol Cs(d) stands for a function of §, defined by the
elements of the set S, which converges to a limit strictly different
from zero while § goes to 0.

Symbol ©5(6) stands for a function, defined by the elements of the
set S, which converges to zero while § goes to 0.
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Sketch of the proof of Proposition

We use the symmetric structure previously presented for the
physical variable V. = (he, ue).
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Sketch of the proof of Proposition

We use the symmetric structure previously presented for the
physical variable V. = (he, ue).

Primary estimates : The 0t order estimate is a consequence of
the local quadraticity for the norm X° of # around the equilibrium
as well as its dissipativity

Hp ((£), u(t)) — M, (h(0), u(0)) = —p / / u)? < 0.

This leads us to

;
I V(T)= Ve [l +C{he}(5)/0 o IE2< Ciney (8) 1 V(0) = Ve o -
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Sketch of the proof of Proposition

We use the symmetric structure previously presented for the
physical variable V. = (he, ue).

Primary estimates : The 0t order estimate is a consequence of
the local quadraticity for the norm X° of # around the equilibrium
as well as its dissipativity

Hp ((£), u(t)) — M, (h(0), u(0)) = —p / / u)? < 0.

This leads us to

;
I V(T)= Ve [l +C{he}(5)/0 o IE2< Ciney (8) 1 V(0) = Ve o -

The higher order estimates are the results of the time and space
integral of the scalar product of the st derivative (for 1 < s < 3)
of the symmetric equation and the sth derivative of the solution.
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Sketch of the proof of Proposition

This gives us
2 T 2
| V(T) = Ve |35 +Cony(6) /0 o |2s<

T
Cipoa(8) 1| V(0) = Ve |25 +044.0(6) /O A
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Sketch of the proof of Proposition

This gives us
2 T 2
| V(T) = Ve |35 +Cony(6) /0 o |2s<

T
Citoy (6) | V(0) = Ve [R5 +0.0 () / | Vo 2s

Estimate on j;)T | hu [|2:-1 : We introduce the hollow matrix
0 1
- (2 1)
g

We remark that
0 0
K(Vs)Al(Ve) + <0 hg + 1) 3

is symmetric definite positive matrix even though K(V,)Ao(Ve) is
not skew-symmetric. Therefore, we extract a convenient part from
K(Ve)Ao(Ve) we know a lower bound of.
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Sketch of the proof of Proposition

Therefore, acting K( Ve)8§_1, for 1 < s < 5, on the symmetric
equation and taking the scalar product with the st derivative of
the solution, we obtain

;
/0 I b [2esS Copoeny(8) (| o(T) [Bsen + | Oxh(T) [2ss)

-
+ Cingt0) [ s+ Clnc ) (1 00) )
+ Cihea3 (8) (Il 9h(0) [[fs-1) -

The coercivity of Ag(Ve) plays a very important role in the proof.
The definite positivity is not sufficient.
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The stability of V, is just a consequence of Proposition.
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The stability of Ve is just a consequence of Proposition. We have
the following corollary for the asymptotic stability

Corollary

(Asymptotic stability of equilibrium solutions) Let us 5 > 2 be
an integer and consider the equilibrium V. = (he,0) of (12) .
Then, there exists § > 0 such that for all initial data Vo = (ho, up)
in Bs(Ve, ) , the global solution V/(x, t) in X3(R) of (12)
converges asymptotically to V,. In other words, t|l>no10 V(x,t) = Ve
for all x € R.
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Proof of Corollary

We then take the x derivative of the equation, its time integral on
[t1, to] and consider the H x IL? norm :

to 0
I Ustte) = ) szl | 0P () + (i) Dimese

1

Hence,
| Ux(t2) — Ux(t1) [l 2 <

\tz—f1|< up | DucF(U) ljsce 1 sup

t1<t<t> t1<t<t>

| 82(huy) HHW) |

The proposition together with the continuity of F gives us a C > 0
such that we have for all t1, t> positive,

| Ux(t1) sz — | Us(22) [[mrxee | <[ Us(t2) = Ux(t1) [lm <2
< Clty — 1.
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Proof of Corollary

Hence,

@ t || Ux(t) |l «1.2 is Lipschitz continuous.
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does || Vi(t) [|xz-
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Proof of Corollary

Hence,

@ t || Ux(t) |l «1.2 is Lipschitz continuous.
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Hence,
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does || Vi(t) [|xz-
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Proof of Corollary

Hence,
@ t || Ux(t) |l «1.2 is Lipschitz continuous.
e It is also IL? ([0,00)) by the proposition.

Therefore, || Ux(t) |l 12 converges to 0 at the limit t — oo, so
does || Vi(t) |[x1. Then,

t—o00
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Conclusion and perspectives

@ A notion of symmetry for the Green—Naghdi equations has been defined.
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Thank you for your attention !
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