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scheme for the shallow-water equations with topography and bottom friction

I—The shallow-water equations

The shallow-water equations and their source terms

Oth + 0y (hu) = 0
O (hu) + 0y (hu2 + %ghz) = —ghd,Z — _k‘q\q|

% (with ¢ = hu)

note we can rewrite the equations as 0,W + 0, F (W) = S(WW)

m 7 =7/3 and g is the
gravitational constant

m k is the so-called Manning

channel bottom coefficient: a higher k leads

to a stronger bottom

friction
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llow-water equations with topogr y and bottom friction

L Introduction

L Steady states

Steady states

Definition: Steady states

W is a steady state iff O,W =0, i.e. O, F(W) = S(W)

taking 0;WW = 0 in the shallow-water equations leads to

0xq = 0
2 1 k
Oy <q+29h2> _ _gho,z — kdldl

hn
the steady states are therefore given by

q = cst =qo
2 1 k
s (% + 2gh2> _ _gho,z — Faolal

h hn



equations with topogr y and bottom friction

L Introduction

L Steady states

Steady states for the friction source term

assume a flat bottom (Z = cst): the steady states are given by
2
% , 1,9 kqo|qol
Op | —+zgh” | =—
g (h o9 ) h

assuming smooth steady states and integrating (3) between
some zo € R and x € R yields (with h = h(x) and hg = h(xo)):

2
_% (h"_l - hg‘l) + # (h"“ - h6’+2) + kqolgo| (z — z0) = 0

but: ~» no global solution h(z) for all z € R

~ for fixed x, we have 0, 1 or 2 solutions
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A well-balanced scheme for the shallow-water equations with topography and bottom friction

L Introduction

L Steady states

Steady states for the friction source term

No solution Two solutions Unique solution

T < xg To < T < X T < T

m zones and variations: analytical study

m solution shape: Newton’s method 4/26



scheme for the shallow-water equations with tor 1y and bottom friction

|—Objec‘nives

Objectives

derive a scheme that:

m is well-balanced for the shallow-water equations with
friction and/or topography, i.e.:

m preservation of all steady states with £ =0 and Z # cst
m preservation of all steady states with k& # 0 and Z = cst
m preservation of steady states with k # 0 and Z # cst

m preserves the positivity of the water height

m is able to deal with wet/dry transitions
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LA well-balanced scheme

A well-balanced scheme



equations with topogr y and bottom friction

L Structure of our scheme

The HLL scheme

to approximate solutions to AL AR
W + 0, F (W) = 0, we use the

HLL scheme (Harten, Lax, van WurLL

Leer (1983)), which uses the
following approximate Riemann
solver:

the consistency condition (as per Harten and Lax) holds if:

/ W (z, At)dz Wr (i~ Wy, WR) da

Ax —Az)2 B Ax —Az/2 At’
ARWE — A FWg) - F
which gives Wy = R‘i/j: — )\iWL - (W;iz _ )\L(WL) - <Z§££>

note that hyrp > 0 for |AL| and |Ag| large enough
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e shallow-water equations with topo. hy and bottom friction

L Structure of our scheme

Modification of the HLL scheme

to approximate solutions to AL 0 AR
OW + 0, F(W) = S(W), we Wil Wi

use the following approximate

Riemann solver (assuming Wi, Wr
AL <0< AR):

. h% h*
~ 3 unknowns to determine: W; = ( L) and W5 = & |;
L q* R q
Harten-Lax consistency gives us

] )\Rh;g — )\Lh* = (>\R - )\L)hHLL

(with S = S (W, Wr) approximating
the mean of S(W), to be determined)

. At
[ | = J
q qHLL Mo — ML



|—The full scheme for a general source term

Determination of A} and hj
assume that Wy and Wg define a steady state, i.e. verify
1 g —
2 2
2 [ﬁ] + 217 = S

AL 0 AR 0

145 Wkr

for the steady state to be preserved, we need
m Wi =Wy and Wg = Wk, ie.
m b} =hp, h =hgr and ¢* = qo

as soon as W, and Wpg define a steady state
8/26



|—The full scheme for a general source term

Determination of A} and hj

two unknowns ~~ we need two equations

m we have )\Rh}} — )\Lhz = ()\R — )\L)hHLL
m we choose ¢ (b}, — h}) = SAx

=2

1 + g (hr + hr), with g to be determined

where £ = i T2

~> using both relations, we obtain

ArSAz
e = h _

ALSAx
Wy = huip— oo

§(Ar—AL)
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for the shallow-water equations with topography and bottom friction

me

|—The full scheme for a general source term

Correction to ensure positive h; and hj,

however, these expressions of h} and h} do not guarantee their
positivity: instead, we use (see Audusse, Chalons, Ung (2014))

. )\RS AI’ )\R
* — _ 1 -
" o ((hHLL §(AR — /\L)>+ ’ ( AL) hHLL)

* o . /\LS Azx )\L
Mg = min <(hm O — m)y <1 AR> hHLL)

note that this cutoff does not interfere with:
m the consistency condition Agh}, — ApLh} = (Ar — AL)hHLL

m the well-balance property, since it does not activate when
Wi, and Wg define a steady state
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tions with t phy and bottom

|—The full scheme for a general source term

Summary

using a two-state approximate Riemann solver with
. . h h .
intermediate states W; = (qf) and Wp = (qf) given by

. _ SAt
= JHLL —)\R_ AL

_ min((;mu_M) <1_A_R> hHLL>
EAr—An)/) AL
* o . )\LEA.%' )\L

\ M = min <<hHLL E(\r — /\L))+’ (1 AR) hHLL)

yields a scheme that is consistent, positivity-preserving and

well-balanced; we now need to find S and ¢ in agreement with
the source term definition

>
%
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equations with topogr y and bottom friction

|—The cases of the topography and friction source terms

The topography source term

we now consider S(W) = —ghd,Z: the discrete equilibrium is
L+ 9] = 5ar
Oln] "2
2
q | 1
== h+ 2] =

we can have an expression of qg and thus obtain

SAz = —2g[Z]

hihe g [0
hr, +hr  2hp+ hg

but when Zy, = Zg, we have S # O(Ax) ~ loss of consistency
with S (see for instance Berthon, Chalons (2015))

12 /26



eme for the shallow-water equations with topo hy and bottom friction

cheme

I—The cases of the topography and friction source terms

The topography source term

instead, we set, for some constant C,

hphgr g [n?

SAz = —2g[Z < ¢
. g[ ]hL—f—hR 2hr, + hp
Ih], = hr — hp, if|hR—hL‘§0Aw2
sgn(hr — hp) C Az?  otherwise.

Theorem: Well-balancedness for the topography source term

If Wi, and Wg define a steady state, i.e. verify

2
@ | L _
> [hQ} +g[h+Z] =0,
then we have W} = W, and W§ = Whg.

this result holds for any q: we choose ¢ = ¢*
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e shallow-water equations with topo. hy and bottom friction

|—The cases of the topography and friction source terms

The friction source term
we consider, in this case, S(W) = —kq|q|h™"
the average of S we choose is S = —kq|G|h ", with

m ¢ the harmonic mean of ¢;, and gr (note that ¢ = qp at
equilibrium), and

m /7 a well-chosen discretization of h~", depending on hy,
and hg, and ensuring the well-balancedness

we determine 77 using the same technique (with dy = sgn(qo)):

1 .
% H +g [h?] = —kéogZh 1Az

h
Y L A Ll I
qu—l +gn+2 = —kdoqy Az
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heme for the shallow-water equations with topography and bottom friction

scheme

I—The cases of the topography and friction source terms

The friction source term
the expression for qg we obtained can be used to get:

—_ = (1] [P*]n+2 ([P}
= mi ([h] T (77—1 _kdom>>’

which gives S = —kq|G|h—" (we have h~7 consistent with h™"7)

Theorem: Well-balancedness for the friction source term

If Wi, and Wk define a steady state, i.e. verify

7] .
+g " = —kqo|qo| Az,

2 [
90 n—1

then we have W; = W, and Wy = Wg.

this result holds for any ¢: we choose ¢ = ¢
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|—The cases of the topography and friction source terms

The full Godunov-type scheme

t W (x, m+1)
gntl T = T
 Wisy Wiﬁ% 1
| L |
| Ay Nyt !
| wn |
I ‘ I
t" €T
Tl T Tiyl
1 Tipl ~
define W' = / > W(x,t" ) dz: then
Az L
-2
At
Wt = - [)\L (W.L - W[L) C AR, (W.fj L W”)} ,
i+3 =5 =3

Az

which can be rewritten, after straightforward computations,

Wit =W —

At 0 0
E (m% B sz%) * At (((StopO)?> N <(SfriC)?

).



A well-t C cheme for e shallow-water equations with topo

LA well-balanced scheme

|—The cases of the topography and friction source terms

Summary

we have presented a scheme that:

m is consistent with the shallow-water equations with friction
and topography

m is well-balanced for friction and topography steady states

m preserves the positivity of the water height

m is not able to correctly model wet/dry interfaces: we need a
semi-implicitation of the friction source term

~» how to introduce this semi-implicitation?
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hy and bottom friction

for the shallow-water equations with to

ne

L Source terms contribution to the finite volume scheme

Semi-implicit finite volume scheme

we use a splitting method: explicit treatment of the flux and

implicit treatment of the source terms
At

S A

(explicit) 2

ﬂ+17— _ hn—‘,—L:
W = Siopo(W) ~ { ntl— _ ntl= n+1,—
(implicit) i =G + At (Stopo);
hptt = Rt
W = Spic(W) ~ vaz{atq : kQ|Q|n(f1?J_rl)_n — q;l+1
q(zi, t") =¢q;

(exact)
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for the shallow-water equations with to hy and bottom friction

ne

L Source terms contribution to the finite volume scheme

Semi-implicit finite volume scheme
solving the IVP yields:

hgp
h+ kAt g

7

n+1 __
q; =

we use the following approximation of h": this provides us with

an expression of ¢" ! that is equal to gy at the equilibrium

7

n+1,—
1712252' 1

+ kAt (5;L+1’_q’-1

o (fFI)iJ + <ﬁ>i+§ Z

2
m semi-implicit treatment of the friction source term ~-
scheme able to model wet /dry transitions

m scheme still well-balanced and positivity-preserving
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LNume cal experiments

Numerical experiments



for the shallow-water equations with to hy and bottom friction

‘

5,

4

3,

2,

0 ] 2 3 4 5
left: k=0 left: kK =10

both Riemann problems have initial data Wy = (g) and

Wg = <(1)), on [0, 5], with 200 points, and final time 0.2s
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for the shallow-water equations with to hy and bottom friction

— -Reference Height
— Approximate Height

left: k=0 left: £ =10

both Riemann problems have initial data Wy = (g) and

Wg = <8), on [0, 5], with 200 points, and final time 0.15s
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hallow-water equations with tor 1y and bottom friction

Verification of the well-balancedness: topography

we show the so-called transcritical test case, introduced by
Goutal and Maurel (1997): here, we assume k = 0

2.5e-13

N
08 \ 2e-131
061 \ 156-131

| le-134
021 5e-14-

0 5 10 15 20 25 0 5 10 15 20 25

left: initial free surface and free surface for the steady state
solution, obtained after a transient state
right: error on the discharge
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for the shallow-water equations with to hy and bottom friction

A more complex test case, with topography

K<<l I> ] =]+

k=0.1, Wg, = (g) and Wg = (8), final time 3.5s
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A well-t nc scheme fo e shallow-water eg ons with topo

L Conclusion and perspectives

Conclusion

m well-balancedness for the shallow-water equations with
friction and topography

m preservation of the water height positivity

m accurate approximation of wet/dry interfaces

Perspectives

m high-order extension, using MOOD-like techniques to
recover the well-balancedness of the scheme

m 2D extension



ater equations with to aphy and bottom friction

Thank you for your attention!
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