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I J. Sainte-Marie (CEREMA, ANGE Team)

I C. Berthon (LJL, Nantes)

I F. Bouchut (LAMA, Paris Est)

I L. Chupin (LM, Clermont)

I S. Cordier (MAPMO, Orléans)
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EGRIN : Collaborations
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EGRIN : Annual Workshops

I Orléans 2013 & 2014
I R. Delannay (Rennes) : Granular flows
I J. Garnier (Diderot) : Rare events simulations
I A. Valance (Rennes) : Dune dynamics
I E. Blayo (INRIA Grenoble) : Data assimilation
I E. Fernandez Nieto (Séville) : High Order Finite Volumes
I P.Y. Lagrée (UPMC) : Hydrodynamics & Erosion models

I Nantes 2015 & 2016
I D. Gérard Varet (Diderot) : Rough boundaries effects
I N. Mangold (Nantes) : Gravity driven flows on planets
I P. Saramito (Grenoble) : Numerics for Viscoplastic fluids
I A.L. Dalibard (UPMC) : Primitive equations of the ocean
I T. Lelievre (CERMICS) : Model Reduction Technics
I O. Roche (Clermont) : Fluidized Granular Flows

I Cargese 2017
I P. Bonneton (Bordeaux) : Dispersive waves
I F. Bouchut (UMLV) : Numerical methods for complex rheology
I A. Mangeney (IPGP) : Granular geophysical flows
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EGRIN : Thematics

Le programme scientifique de EGRIN est centré sur la formulation
et la résolution numérique de modèles de complexité réduite par
rapport aux équations de Navier-Stokes à surface libre, mais
s’affranchissant des hypothèses trop restricitives qu’on retrouve
dans les modèles classiques d’écoulements peu profonds. [...]

On s’intéresse aux écoulements complexes et aux couplages induits
lorsque le fluide interagit avec les sols ou les structures (érosion,
glissements de terrains...). Les fluides considérés sont eux-mêmes
complexes, au sens où ils possèdent une rhéologie particulière
(avalanches, écoulements pyroclastiques...). [...]

Sur ces sujets, il est nécessaire de décloisonner les disciplines et les
mathématiciens doivent tisser des liens avec des modélisateurs
non-mathématiciens pour mieux prendre en compte les problèmes.
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EGRIN : Thematics

I Hydrodynamics
 Tsunamis, Flooding, Dam breaks, Rogue waves...

I Complex Fluids
 Avalanches, Mud or Pyroclastic flows, Multiphase flows...

I Coupling
 Morphodynamics, Biological phenomena, Fluid-Structure...

I Modeling
 Conservation, Energy inequality, Well-posedness...

I Numerical Analysis
 Accuracy, Robustness, Non linear Stability, WB...

I Data Assimilation
 Paramester estimation, Filtering, Control...
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EGRIN : Basics

I (Natural ?) hazards

I Simulations with Shallow Water Flows
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EGRIN : Basics

I Comparisons with Experiments & Measurements
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EGRIN : Main Focuses

I Hydrostatic NS equations : Multilayer models
(ABPS [11], ABPSM [11], Rambaud [12]...)

I Non Hydrostatic SW Models : Boussinesq type models
(Bonneton et al. [11], Sainte-Marie [11]...)
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EGRIN : Main Focuses

I Complex flows : Generalized topography, Alternative rheology
(Mangeney et al. [03], Bouchut-Westdickenberg [04], Chupin
[09], Nieto et al. [10]...)

I Erosion processes, Sediment transport
(Castro et al. [08], Bouharguane-Mohammadi [09], Cordier et
al. [11], ABCDGGJSS [11]...)
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EGRIN : Ongoing Work

I Hydrostatic NS equations : Multilayer models
(Parisot - Vila [14], Di Martino - Haspot [17], Couderc -
Duran - Vila [17], AAGP [17]...)

I Non Hydrostatic SW Models : Boussinesq type models
(Duran - Marche [15], Lannes - Marche [15], Bristeau et al.
[15], Aissiouene [16]...)

 Non Hydrostatic NS Equations : Layerwise models
(Fernandez Nieto - Parisot - Penel - Sainte Marie [17])
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EGRIN : Ongoing Work

I Complex flows
(Gueugneau-Chupin et al. [17], Bouchut - Mangeney et al.
[16], Saramito - Wachs [17], Bristeau et al. [17], Fernandez -
Gallardo - Vigneaux [17]...)

I Erosion processes, Sediment transport
(Fernandez - Narbona et al. [16], Mohamadi [16], Nouhou
Bako et al. [17], ABP [17])
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Free Surface Incompressible Navier Stokes Equations

I Computational domain

z ∈ [b(x),H(t, x)]

I Equations

∇ · u = 0,

∂tu + (u · ∇)u +∇p = g +∇ · σv
∂zp = −g +∇v · σv

I Boundary conditions
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Shallow Water Equations

I 1d shallow water equations

∂th + ∂xhu = 0,

∂thu + ∂x
(
hu2 + gh2/2

)
= −gh ∂xb + Sf

with
h : water depth, b : bottom topography,
u : velocity of the water column, Sf : friction term

Saint-Venant (1871),

”Théorie du mouvement non-permanent

des eaux, avec application aux crues

des rivières et à l’introduction des marées

dans leur lit”, Comptes Rendus Acad. Sciences.
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Shallow Water Equations : Derivation (SV1)

I Derivation

I Mass budget
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Shallow Water Equations : Derivation (SV1)

I Gravity tem

I Pressure term

I Friction term

I Momentum budget
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Shallow Water Equations : Derivation (SV1)

I Hypothesis : Almost flat bottom

I Hypothesis : Constant velocity

I Hypothesis : Rectangular channel

I Conclusion
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Shallow Water Equations : Properties

I 2d shallow water equations with sources

∂th +∇ · (hū) = 0,

∂t(hū) +∇ ·
(
hū⊗ ū +

gh2

2
I

)
= −gh∇b−2Ω× hū−κ(h, ū)ū

I Properties
I Conservation law
I Hyperbolic system (wave propagation, weak solution)
I Positivity of water depth (invariant domain, dry zones)
I Energy (entropy) (in)equality
I Non-trivial steady states (lake at rest)
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Shallow Water Equations : Numerics (Finite Volumes)

I First Works
I Bermudez-Vazquez [’94], Greenberg-Leroux [’96]
I Goutal-Maurel [’97]

I Positive and well-balanced numerical schemes [’01 → ’16]
I Extended Godunov scheme (Chinnayya-Leroux-Seguin)
I Kinetic interpretation of source term (Perth.-Sim.,ABBSM)
I Extended Suliciu relaxation scheme v1 (Bouchut,Galice,ACU)
I Hydrostatic reconstruction (ABBKP, Liang-Marche)
I Path-conservative scheme (Castro-Macias-Pares)
I Hydrostatic upwind scheme (Berthon-Foucher)
I Central scheme (Kurganov, Kurganov-Noelle)

I Review books
I Hyperbolic Problems & Finite Volumes Method

Godlewski-Raviart [’96], Toro [’99], Leveque [’02]...
I Bouchut [’04]

Nonlinear Stability of FV Methods for Hyperbolic
Conservations Laws and WB Schemes for Sources, Birkhäuser.
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Shallow Water Equations : Derivation (SV2)

I Navier-Stokes Equations
I Small aspect ratio : H/L = ε

I Shallow flows
I Long waves

I Rescaled Viscosity, Friction, Bottom and Free Surface Slopes

 Hydrostatic Pressure Distribution (at 1st order)

 Constant vertical profile for horizontal velocity (at 1st order)

 Parabolic vertical profile for horizontal velocity (at 2nd order)

 ”Viscous” Shallow Water Equations on (h, ū)

Gerbeau & Perthame, M2AN [’01]

Ferrari-Saleri [04], Marche [07], Decoene [08], Frings [12]
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Layerwise Models : Basic case

I Euler Equations
I Hydrostatic Pressure

 Piecewise constant vertical profile for horizontal velocity

u(t, x , z) =
M∑
α=1

1[zα−1/2(t,x),zα+1/2(t,x)]ūα(t, x)

ABPS, M2AN [’11]
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Layerwise Models : Basic case

I SW type model
I No SW hypothesis !
I Arbitrary shalowness of the ”layers”

∂tH + ∂xHū = 0

∂tHūα + ∂xHūα
2 + ∂xgH

2/2

= −gH∂xb + uα+1/2Gα+1/2 − uα−1/2Gα−1/2

zα+1/2(t, x) = b(x) +
α∑
β=1

lβH(t, x)

I Closures for uα+1/2 and Gα+1/2
I Extension of FV techniques
 Conservation
 Non linear Stability
 Well Balancing
 Non connex domains

ABPS, M2AN [’11]
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Layerwise Models : Variable Density case

I Euler Equations
I Hydrostatic Pressure
I Density is function of tracers

 Piecewise constant vertical profile for tracers

T (t, x , z) =
M∑
α=1

1[zα−1/2,zα+1/2]T̄α(t, x)

ABPS, JCP [’11]
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Layerwise Models : Non hydrostatic Version

I Euler Equations
I Non Hydrostatic Pressure

 Piecewise linear vertical profile for vertical velocity

w(t, x , z) =
M∑
α=1

1α
(
w̄α(t, x) + 2

√
3σα(t, x)(z − zα(t, x))/lα

)
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Fernandez Nieto - Parisot - Penel - Sainte Marie [’17]
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Layerwise Models : Non hydrostatic Version

∂tH + ∂x (Hū) = 0,

∂t(hαūα) + ∂x
(
hαūα

2 + hαq̄α
)

+
(
uα+1/2Γα+1/2 − ∂xzα+1/2qα+1/2

)
− [.]α−1/2 = −hα∂x(gη + patm),

∂t(hαw̄α) + ∂x (hαūαw̄α) +
(
wα+1/2Γα+1/2 + qα+1/2

)
− [.]α−1/2 = 0,

∂t(hασα) + ∂x(hασαūα) = 2
√

3

[
q̄α −

qα+1/2 + qα−1/2

2

−Γα+1/2

(
hα∂x ūα

12
+

wα+1/2 − w̄α

2

)
+ [.]α−1/2

]
∂x ūα +

w−
α+1/2 − w̄α

hα/2
= 0, σα +

hα∂x ūα

2
√

3
= 0,

w+
α+1/2 − ∂tzb − ūα+1∂xzα+1/2 +

α∑
β=1

∂x(hβ ūβ) = 0,

w+
α+1/2 − w−

α+1/2 = ∂xzα+1/2(ūα+1 − ūα),
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Layerwise Models : Non hydrostatic - Monolayer case

I Green-Naghdi type equations

I Mixed Hyperbolic-Elliptic system

 Prediction-Correction Scheme

Bristeau - Mangeney - Sainte Marie - Seguin [’15], Aissiouene [’16]
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Layerwise Models : Non hydrostatic - Monolayer case

I Dinguemans Experiment
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Layerwise Models : With Rheology

I Navier-Stokes Equations
I Hydrostatic Pressure

 Piecewise constant vertical profile for stress tensor comp.

∂

∂t

N∑
j=1

hj +
∂

∂x

N∑
j=1

hjuj = 0,

∂

∂t
(hαuα) +

∂

∂x

(
hαu

2
α +

g

2
hαH

)
= −ghα

∂b

∂x
+ [uG ]α

+
∂

∂x

(
hαΣxx ,α − hαΣzz,α +

∂

∂x

(
hαzαΣzx ,α

))
+zα+1/2

∂2

∂x2

N∑
j=α+1

hjΣzx ,j − zα−1/2
∂2

∂x2

N∑
j=α

hjΣzx ,j

+σα+1/2 − σα−1/2

Bristeau - Guichard - Di Martino - Sainte Marie [’17]

E. Audusse Numerics for SW flows



Viscoplastic flows : Static - Flowing Interface

I Yield Stress (Drücker - Prager)

σv = 2νDu + κ
Du

‖Du‖
, κ = µsp+

I Plug zones
Du = 0 (‖σv‖ ≤ κ)
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Viscoplastic flows : Static - Flowing Interface

I Yield Stress (Drücker - Prager)

σv = 2νDu + κ
Du

‖Du‖
, κ = µsp+

I Plug zones
Du = 0 (‖σv‖ ≤ κ)

x

B(X) b

h

X

U(Z)

free surface

interface
topography

flowing phase

static phaseθ(X)
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Viscoplastic flows : Static - Flowing Interface

I BCRE Model

∂tb =
g cos θ(µs − | tan θ|)

∂zu

I Assumptions
I Shallow flow
I Horizontal velocity linear in the vertical coordinate
I Additional equation to determine ∂zu
I Hydrostatic Pressure
I No viscosity

Iverson & Ouyang, Rev. Geophysics [’15]
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Viscoplastic flows : Static - Flowing Interface

I BCRE Model

∂tb =
g cos θ(µs − | tan θ|)

∂zu

I Assumptions
I Shallow flow (and small slope)
I No hypothesis on the velocity profile
I Classical PDEs on u
I Non Hydrostatic Pressure (assumed to be convex)
I Small viscosity

Bouchut - Ionescu - Mangeney [’16]
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Viscoplastic flows : Static - Flowing Interface

I PDEs of the new Model

∂t

(
h − h2

2
dX θ

)
+ ∂X

(∫ h

0
UdZ

)
= 0,

∂tU + S − ∂Z (ν∂ZU) = 0 forZ > b(t,X ),

I Algebraic Relations

S = g(sin θ + ∂X (h cos θ))− ∂Z (µsp),

p = g

(
cos θ + sin θ∂Xh − 2| sin θ| ∂XU

|∂ZU|

)
×(h − Z )

I Boundary Conditions

Z = h(t,X ) : ν∂ZU = 0

Z = b(t,X ) : U = 0 AND ν∂ZU = 0

I Static Equilibrium Condition

S(t,X , b(t,X )) ≥ 0
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Viscoplastic flows : Static - Flowing Interface

I BCRE Model

∂tb =
g cos θ(µs − | tan θ|)

∂zu

I New Model with Null viscosity

∂tb =
S(t, x , b(t, x))

∂zu(t, x , b(t, x))

 Equivalent under Hydrostatic pressure assumption

I New Model with viscosity

∂tb = ν

(
∂zS − ν∂3zzzu

S

)
z=b

Bouchut - Ionescu - Mangeney [’16]

Martin - Ionecu - Mangeney - Bouchut - Farin [’16]
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Viscoplastic flows : Static - Flowing Interface

I 1D-z Simplified Model vs. Experimental Data
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Lusso - Bouchut - Ern - Mangeney, [’16]
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Multiphase flows

I 3D Jackson Model
I Solid phase

∂t(ρsϕ) +∇ · (ρsϕv) = 0

ρsϕ(∂tv + (v · ∇)v) = −∇ · Ts + f0 + ρsϕ g

I Fluid phase

∂t(ρf (1− ϕ)) +∇ · (ρf (1− ϕ)u) = 0

ρf (1− ϕ)(∂tu + (u · ∇)u) = −∇ · Tfm − f0 + ρf (1− ϕ)g

 Need for closure

Anderson - Jackson, IECM [’67]
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Multiphase flows

I 3D Jackson Model
I Solid phase

∂t(ρsϕ) +∇ · (ρsϕv) = 0

ρsϕ(∂tv + (v · ∇)v) = −∇ · Ts + f0 + ρsϕ g

I Fluid phase

∂t(ρf (1− ϕ)) +∇ · (ρf (1− ϕ)u) = 0

ρf (1− ϕ)(∂tu + (u · ∇)u) = −∇ · Tfm − f0 + ρf (1− ϕ)g

 Need for closure

Anderson - Jackson, IECM [’67]

I 2D Pitman & Le Model
I No additional equation in the volume
I Two dynamic boundary conditions at the free surface
I Shallow layer model
I No energy

Pitman - Le, Phil. Trans. Roy. Soc. London A [’05]
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Multiphase flows

I 3D Jackson Model
I Solid phase

∂t(ρsϕ) +∇ · (ρsϕv) = 0

ρsϕ(∂tv + (v · ∇)v) = −∇ · Ts + f0 + ρsϕ g

I Fluid phase

∂t(ρf (1− ϕ)) +∇ · (ρf (1− ϕ)u) = 0

ρf (1− ϕ)(∂tu + (u · ∇)u) = −∇ · Tfm − f0 + ρf (1− ϕ)g

 Need for closure

Anderson - Jackson, IECM [’67]

I 2D New Model
I Divergence constraint for the solid phase
I One dynamic boundary condition for the mixture
I Shallow layer model
I Energy

Bouchut - Fernandez Nieto - Mangeney - Narbona Reina, M2AN [’15]
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Multiphase flows

I 3D New Model
I Solid phase

∂t(ρsϕ) +∇ · (ρsϕv) = 0

ρsϕ(∂tv + (v · ∇)v) = −∇ · Ts + f0 + ρsϕ g

I Fluid phase

∂t(ρf (1− ϕ)) +∇ · (ρf (1− ϕ)u) = 0

ρf (1− ϕ)(∂tu + (u · ∇)u) = −∇ · Tfm − f0 + ρf (1− ϕ)g

I Divergence constraint
∇ · v = 0

I Boundary conditions
I At the free surface : Continuity of the total stress tensor
I At the bottom : Coulomb friction law + Navier friction

Bouchut - Fernandez Nieto - Mangeney - Narbona Reina, M2AN [’15]
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Multiphase flows

I 3D New Model with Dilatancy
I Solid phase

∂t(ρsϕ) +∇ · (ρsϕv) = 0

ρsϕ(∂tv + (v · ∇)v) = −∇ · Ts + f0 + ρsϕ g

I Fluid phase

∂t(ρf (1− ϕ)) +∇ · (ρf (1− ϕ)u) = 0

ρf (1− ϕ)(∂tu + (u · ∇)u) = −∇ · Tfm − f0 + ρf (1− ϕ)g
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Multiphase flows

I 3D New Model with Dilatancy
I Solid phase

∂t(ρsϕ) +∇ · (ρsϕv) = 0

ρsϕ(∂tv + (v · ∇)v) = −∇ · Ts + f0 + ρsϕ g

I Fluid phase

∂t(ρf (1− ϕ)) +∇ · (ρf (1− ϕ)u) = 0

ρf (1− ϕ)(∂tu + (u · ∇)u) = −∇ · Tfm − f0 + ρf (1− ϕ)g

I Divergence equation
∇ · v = Φ

I Boundary conditions
I At the free surface : Continuity of the fluid stress tensor
I At the ”solid surface” : Navier friction for fluid + Jump rel.
I At the bottom : Coulomb friction law + Navier friction

Bouchut - Fernandez Nieto - Mangeney - Narbona Reina, JFM [’16]
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Multiphase flows

I 2D Shallow Layer Model with Dilatancy
I Buoyancy and Drag forces

f0 = −ϕ∇pfm + β(u − v)

I Dilatancy
Φ = K γ̂(φ− φeqc )

I Asymptotic regimes

β = O(ε−1) or β = O(1)

I Energy inequality
I Numerical comparisons with

I Pailha-Pouliquen, JFM [’09]
I Iverson-George, Proc. Roy. Soc. London A [’14]

Bouchut - Fernandez Nieto - Mangeney - Narbona Reina, JFM [’16]
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Sediment transport : Derivation of SVE type models

I Focus on bedload transport

I Derivation from Navier-Stokes equations

I Fluids with different properties and different time scales

I Thin layer asymptotics

 Generalized Saint-Venant – Exner type models

 Energy inequality
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Sediment transport : Derivation of SVE type models

I Fluid layer : Newtonian

σf = 2µfD(uf )

I Sediment layer : Drucker-Prager type

σs = 2µs(ps ,D(us))D(us)

I Fluid-Sediment interface : Navier friction

(σf nsf ) · τsf = (σsnsf ) · τsf = C |uf − us |m(uf − us)

I Sediment-Bed interface : Coulomb friction

(σsnsb) · τsb = − (sgn(us) tan δ ((σf − σs)nsb) · nsb)

Fernandez Nieto - Morales de Luna - Narbona Reina - Zabsonre, M2AN [’16]
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Sediment transport : Derivation of SVE type models

I Fluid layer : Shallow Water asymptotics

I Sediment layer : Lubrication (Reynolds) asymptotics

I Two time scales
Tf = ε2Ts

I Saint-Venant – Exner model

∂thf +∇ · qf = 0,

∂tqf +∇ · (hf (uf ⊗ uf )) +
1

2
g∇h2f

+ghf∇(b + hs) +
ghs,u
r
P = 0,

∂ths +∇ · (hs,u us(uf ,P)) = 0,

∂ths,b = −E + D

with
P = ∇(rh1 + h2 + b) + (1− r)sgn(us) tan δ

E. Audusse Numerics for SW flows



Sediment transport : Derivation of SVE type models

I Fluid layer : Shallow Water asymptotics
I Sediment layer : Lubrication (Reynolds) asymptotics
I Two time scales

Tf = ε2Ts

I MPM type SVE model (E = D)

∂thf +∇ · qf = 0,

∂tqf +∇ · (hf (uf ⊗ uf )) +
1

2
g∇h2f

+ghf∇(b + hs) +
ghs,u
r
P = 0,

∂ths +∇ ·
(
k1sgn(τeff)

1− φ
(θeff − θc)

3/2
+

√
(1/r − 1)gds

)
= 0

with

τeff

ρf
=
ϑ ds
hs

τ

ρf
− gdsϑ

r
∇(rhf + hs + b). θeff =

|τeff|/ρf
(1/r − 1)gds
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Sediment transport : Derivation of SVE type models
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Sediment transport : Derivation of SVE type models

I Fluid layer : Newtonian, Small viscosity
I Sediment layer : Newtonian, (Very) Large viscosity
I Fluid-Sediment interface : Navier friction (possible threshold)
I Sediment-Bed interface : Navier friction
 Modified Shallow Water asymptotics

∂thf +∇ · (hf uf ) = 0,

∂t(hf uf ) +∇ · (hf uf ⊗ uf +
gh2f

2
Id) = −ghf∇(hs + b)− κiuf .

∂τhs +∇ · (hsus) = 0

where us is solution of

L(us) = −ghs∇(hs + rhf + b) + κiuf .

with L a non-local operator

L(φ) = κbφ −α∇ · (µshsDxφ)

Audusse - Boittin - Parisot [’17]
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Conclusions

I Shallow Water type models

I Robust numerical methods (mainly Finite Volumes)

I Asymptotics expansion of 3D models

I Interaction with other communities

 Layerwise approach for Navier-Stokes

 Complex rheology

 Multiphase flows

 Sediment transport

I EGRIN 2 (2017-2021)

http ://gdr-egrin.math.cnrs.fr/
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