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Introduction Layerwise Discretized Shallow Water model

LAYERWISE DISCRETIZED SHALLOW WATER MODEL:

@ [Audusse, Bristeau, Perthame and Sainte-Marie'11]

forie[1,L]
ochi + ox(hjuy) + 0y (hvi) - (6]}
i-1/2 .
(SWL) at(h;u;) + 0x (h,-ul? + %h,h) + 6y(h,-u,-v,-) = —gh,-axB+[uG]'+ /2
3¢ (hivi) + dx (hiviuj) + 0y (hiv2 + § hih)= ~ghio, B+ [VG]’+ /2

with hj=ajh and ) a;=1.

n i w
\W ug (11/2

o T cmmee L N

_—"“Ej"—_‘74__— Go, - - $9,

N S et

lg = 3-_-u‘)"" Gy, T T TTee-- s
----- s G /2 ST

....... e = L T
B_ﬁg\h]__) 2 2
/_\_(0

@ [Audusse, Bristeau, Pelanti and Sainte-Marie'11] with variable density.
@ [Bristeau, Guichard, Di Martino and Sainte-Marie'16] with viscous terms.

@ [Fernandez-Nieto, Parisot, Penel and Sainte-Marie] with non-hydrostatic terms.
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Strictly hyperbolic equations
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@ [Teshukov'07, Richard and Gavrilyuk'12] shear model.
@ [Castro and Lannes’'14] with non-hydrostatic terms.
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Introduction Layerwise Discretized Shallow Water model

BI-LAYER MODEL:
FuLL-EULER MODEL:

dch + 0x(hT) =0,

— —2 =2 &) _ otp + 0x (pu) =0,
gt;hu):zxgi;t;;h(u +2h)): g 6t(pu)+6x(pu2+p) -0,
! x T 3t (pe) + dx ((pe+p)u) = 0,

»  Admissible shock define to ensure

»  Admissible shock define to ensure R
the entropy dissipation :

the mechanical energy dissipation :

E= g(u +024+V2 470 )+%h2 0t +0x (nu) <0
2 a2
atE+aX((“ +3u 5 +gh)hﬂ Jso

» 1D analogous to the full-Euler equations except at the shock.
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Introduction Layerwise Discretized Shallow Water model

BI-LAYER MODEL:
FuLL-EULER MODEL:

dth + 0x (hu) =0, 5 5 0
0 () + ox (W% +h (0% + £ 1)) = o, 0+ Ox(pu) =
2 6(u)+6(pu2+p) =0
0: + 0y (0T) =0, e x '
(V) + ox (h(aV+T7)) =0, 0t (pe) + 0x((pe+p)u) = 0,
3V + DOxV+T0xV -0 9t(pv) + Ox(puv) =0
»  Admissible shock define to ensure > Admissible shock define to ensure
the mechanical energy dissipation : the entropy dissipation :
E=’27(32+ﬁ2+V2+V2]+%h2 0¢+0x (nu) <0
—2 ~2 =2 52
0¢E+0yx ((”*3"% +gh) KT+ hwa) <0
» 1D analogous to the full-Euler equations except at the shock.

» 2D NOT analogous : non-conservative products, coalescence, resonance.
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1D bilayer model Hyperbolicity and waves patterns

1D BI-LAYER MODEL:

dch  + oy (h1) =0, h
at(hﬁ)+ax(hﬂ2+h(ﬁ2+%h)): , WesetU:( hti )
0:i + 0x (D) =0 @

Proposition : hyperbolicity of (1D — SW;)

For physical solution, i.e. h>0, the 1D bilayer model (SW5) is strictly hyperbolic.
More precisely, the eigenvalues are given by

A =T—\/gh+302 < A.=0T < Ag=Tu+\/gh+302.

In addition, the A;-wave and the Ag-wave are genuinely nonlinear,
whereas the Ax-wave is linearly degenerate.

Ap(U)  Ap(Ups)

Up UL« Ur

X
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1D bilayer model The 1D Riemann problem

Proposition : admissible shock of (1D - SWs)

We denote by o the speed of the Ay-shock.
Assuming that the water depth h is positive, the following properties are equivalent:

i) The mechanical energy E = %h2+ g (EQ+T12) is decreasing through a shock, i.e.

<0.

=2 ~2
—ok[E]+ (% +gh) ha

ii) the shock is compressive, i.e. we have
—oi[W?]+[p?*E] >0 or oy [hE@®]+[mE®] <0 or o, [he?|+[na?E]>0.
iii) the Lax entropy condition is satisfied

Ap(Ups) <o <A (Up) and  AR(UR)<or <Agr(Ugy).

Remark : It is NOT a corollary of the classical theorem [Godlewsli, Raviart’96] since the
mechanical energy E (acting as the mathematical entropy) is not a convexe function of the

conserved variable U.
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1D bilayer model The 1D Riemann problem

Theorem : Riemann problem of (1D - SW»)

UL:(hL,UL,ﬁL)tERi x R2 if x<0,
UR=(hR,UR,ﬁR)t€R:X|R2 if x=0.
If the following condition is fulfilled : Tg—u; <p" (Up)+p" (Ug) with

u'(U)=1/gh+302 + Iog(\/1+£+ \/;)

then there exists a unique selfsimilar solution U e (L (R} x [R))3 to the 1D Riemann problem
(SW») satisfying the mechanical energy dissipation.
In addition the water depth h is strictly positive for all (t,x) € Ry xR.

Consider the initial condition U (0,x) :{

N\ AV PLx = PR«
Sketch of proof :

@ Determine the rarefaction and shock curves.

@ Conclude by monotony.
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2D bilayer model Hyperbolicity and waves patterns

2D BI-LAYER MODEL:

dth  + 0x(hu) =0, h
d¢ (ha) + ax(h(E2+ﬁ2) + %h2) -0, b
0tu  + 0x (D) =0, WesetV=| o
0t (hv) + dx (h(Tv+Tv)) =0, hv
0tV + U0V +udxVv =0, v

Proposition : hyperbolicity

For physical solution, i.e. h>0, the 2D bilayer model (SW5) is hyperbolic.
More precisely, the eigenvalues are given by

AL =T—\/gh+302 < y =0U—-|0l < As=0U < yp=U+l0l < Ag=u+\/gh+302

In addition, the A;-wave and the Ag-wave are genuinely nonlinear,
whereas the y,-wave, 1.-wave and yr-wave are linearly degenerate.

AL (V) AL (Vi) YL

Vi Vie
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2D bilayer model Hyperbolicity and waves patterns

2D BI-LAYER MODEL:

dch  + 0y (h)

— —2 =2 g ,2
3¢ (h) + ox (h(a*+@ )+§h )
6tﬁ + 0x (EU)
3¢ (hv) + ox (h(Gv +a7))
0tV + TOXV+T0XV

I
oco0oo o o

} U (1D-5W»)
Weset V =

> >
<) < <) N

Proposition : hyperbolicity of (2D — SW;)
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AL (V) AL (Vi) YL

7 Vi
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\ //'
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AL (V) AL (Vi) YL As or <YR(UR«)

7
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2D bilayer model Hyperbolicity and waves patterns

Proposition : coalescence

Let us define the following polynomial function for X > h
1

P(U ;X)::E 1+%)gh+(1+%+

If 5#0, let n(U) be the unique real root larger than h.
The coalescence occurs if and only if hy, =7, :=1(Uy).

hL*

-G

1’“_ ........... ................... ..................

EL* =UR*

hr R hR«

>0 no-coalescence

In practice, it is enough to test P(Uk;hk*){ <0 coalescence
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2D bilayer model Definition of the non-conservative products

@ [Lagoutiére, Seguin, Takahashi’08] Path-independent non-conservative product definition.

Definition : non-conservative products
Through a Ag-shock, the following jump conditions hold:

dth  + 0x (hT) =0, Uk[h]_[hU]2 e
0c (hm) + 0 (w2 +22) + £ 42) = - "gi’m [[UL(/]U +0%)+ §1°]

0:i + oy (0D)
0t (hV) + ox (h(TV+T7)) =
0:V  + DOV +T0XV =

ok [hv] =[h(TV+av)]

) [h V(@- oy)? -2 V] =0 if no-coalescence.

1
ocoo o

wi
Arguments : z=x-0,t, w=u—-0y and wW=1
I UIUEEE SUUUSTRES h
vy L=
v
Wi
hL W] %
Wy
z
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2D bilayer model Definition of the non-conservative products

@ [Lagoutiére, Seguin, Takahashi’08] Path-independent non-conservative product definition.

Definition : non-conservative products

Through a Ag-shock, the following jump conditions hold:
dth  + 0x (hT) -0 ok [h] = [hu] L e
oc (W) + oy (h(@+2%) + EW?) = 0, oxlh] = [h(w? +2°) + §17]
S 2 oy la] =[au]
G SET) =0° o Ifhv] [h(av+av))
0t (hv) + dx (h(av+1av)) = @), k
0tv + UOxV +UdxV =0, [h\/(ﬁ—ok)2—ﬁ2 V] =0 if no-coalescence.

Arguments : z=x-0,t, w=u—-0y and wW=1

@ Regularization : h(z) e C1[-£/5,~/5] monotonic.

Martin PARISOT EGRIN 2017 Layerwise Discretized model 9 /14



2D bilayer model Definition of the non-conservative products

@ [Lagoutiére, Seguin, Takahashi’08] Path-independent non-conservative product definition.

Definition : non-conservative products

Through a Ag-shock, the following jump conditions hold:
dth  + 0x (hT) -0 ok [h] = [hu] L e
oc (W) + oy (h(@+2%) + EW?) = 0, oxlh] = [h(w? +2°) + §17]
S 2 oy la] =[au]
G SET) =0° o Ifhv] [h(av+av))
0t (hv) + dx (h(av+1av)) = @), k
0tv + UOxV +UdxV =0, [h\/(ﬁ—ok)2—ﬁ2 V] =0 if no-coalescence.

Arguments : z=x-0,t, w=u—-0y and wW=1
@ Regularization : h(z) e C1[-£/5,~/5] monotonic.
Q (hewe)' =0=>We(2)= ’;,I;ENL € CH-%/2,~%/2]

Martin PARISOT EGRIN 2017 Layerwise Discretized model 9 /14



2D bilayer model Definition of the non-conservative products

@ [Lagoutiére, Seguin, Takahashi’08] Path-independent non-conservative product definition.

Definition : non-conservative products

Through a Ag-shock, the following jump conditions hold:
dth  + 0x (hT) -0 ok [h] = [hu] L e
oc (W) + oy (h(@+2%) + EW?) = 0, oxlh] = [h(w? +2°) + §17]
S 2 oy la] =[au]
G SET) =0° o Ifhv] [h(av+av))
0t (hv) + dx (h(av+1av)) = @), k
0tv + UOxV +UdxV =0, [h\/(ﬁ—ok)2—ﬁ2 V] =0 if no-coalescence.

Arguments : z=x-0,t, w=u—-0y and wW=1
@ Regularization : h(z) e C1[-£/5,~/5] monotonic.
Q (hewe)' =0=>We(2)= ’;,I;ENL € CH-%/2,~%/2]

(W) = 0= e (2) = 2L € CL[=¢/5,~415]

Martin PARISOT EGRIN 2017 Layerwise Discretized model 9 /14



2D bilayer model Definition of the non-conservative products

@ [Lagoutiére, Seguin, Takahashi’08] Path-independent non-conservative product definition.

Definition : non-conservative products
Through a Ag-shock, the following jump conditions hold:

dth  + 0x (hT) =0, Uk[h]_[hU]2 e
0c (hm) + 0 (w2 +22) + £ 42) = - "gi’m [[UL(/]U +0%)+ §1°]

0:i + oy (0D)
3¢ (hV) + ox (h(TV+0v)) =
0:V  + DOV +T0XV =

ok [hv] =[h(TV+av)]

) [h V(@- oy)? -2 V] =0 if no-coalescence.

1
ocoo o

Arguments : z=x-0,t, w=u—-0y and wW=1
@ Regularization : h(z) e C1[-£/5,~/5] monotonic.
Q (hewe)' =0=>We(2)= ’;,I;ENL € Cl[-¥/2,~¢)o]

(W) = 0= e (2) = 2L € CL[=¢/5,~415]

o {(hg W+ WV))’:O:(1_(&)2)%—&("%)/%=0
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2D bilayer model The 2D Riemann problem

Proposition : admissible shock of (2D —SW,)

We denote by g the speed of the A,-shock.
Assuming that the water depth h is positive, the following properties are equivalent:
2

i) The mechanical energy E = %h2 + g (U +02+7v2 +02) is decreasing through a shock, i.e.

-0 [E]+ <0.

(E2 +302 +v2 + 92

5 + gh) hu+ hvvu

ii) the Lax entropy condition is satisfied

Ap(Up)<op<Ap(Uy)  and  AR(Ug)<ogr <Ag(Ugx)-

Remark : The transverse kinetic energy is preserved if there is no-coalescence
and dissipated if there is coalescence. More precisely we have

2

V24702

hw + hvvw

= % [h2 (W2—W2)V2].
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2D bilayer model The 2D Riemann problem

Theorem : Riemann problem of (2D - SW5)

— T T e \E * 4 :
Consider the initial condition V (0,x) = { T u_L' uf' VE VLA) €tR+ xR 4 %f x<0,
Vr =(hr,UR,UR, VR, VR)  €R} xR* if x=0.
If the following condition is fulfilled : g —u; <p" (V) +p" (VR)
then there exists a unique selfsimilar solution V € (L% (R} x R))® to the 2D Riemann problem
(SW5) satisfying the mechanical energy dissipation.
In addition the water depth h is strictly positive for all (t,x) € Ry xR.

AL (V) AL (Vi) YL A YR OR

7
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AL (V) AL (Vi) YL As or <YR(URx)

7
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» simple resonance

N

» double resonance
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Conclusions

REALIZATIONS:
»  well-possedness of the bi-layerswise discretized model (2D —-SW).

» analysis of resonance phenomena, coalescence phenomena, non-conservative products

@ [Aguillon, Audusse, Godlewski, Parisot] to appear...

PERSPECTIVES FOR ANALYSIS:

@ with an arbitrary number of layers out of reach

with 3 layers (Skewness), 4 layers (Kurtosis)...

. . . uj —=uj
in an asymptotic regime : small shear % <1 oceanography
with active pollutant oceanography
PERSPECTIVES FOR NUMERIC:
»  preservation of the steady state with circulation
» numerical analysis in case of coalescence
explanation of the uncoupled numerical scheme CFL not enough restrictive
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