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Achievements

Workshop:

§ Complex rheology of granular flows: barriers, challenges and deadlocks

§ October, 13th-14th 2016

§ 30 participants, 4 speakers (C. Ancey, E. Lemaire, G. Ovarlez, J. Weiss)

Articles:

M.-O. Bristeau, C. Guichard, B. di Martino, J. Sainte-Marie, Layer-averaged
Euler and Navier-Stokes equations (Comm. Math. Sci., to appear)

E. Fernández-Nieto, M. Parisot, Y. Penel, J. Sainte-Marie, A hierarchy of
non-hydrostatic layer-averaged approximations of Euler equations for free
surface flows (submitted)
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Fluid domain

z = zb(x)

z = η(t, x)

H(t, x) u = (u,w)

x

z

Water height:
H(t, x) = η(t, x)− zb(x)
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Euler equations

Model 
∂x u + ∂z w = 0

∂tu + ∂x (u2 + p) + ∂z (uw) = 0

∂tw + ∂x (uw) + ∂z (w 2 + p) = −g

set in the domain Ω(t) =
{

(x , z) ∈ R2
∣∣ zb(x) ≤ z ≤ η(t, x)

}
Boundary conditions

∂tη(t, x) + u
(
t, x , η(t, x)

)
∂xη(t, x)− w

(
t, x , η(t, x)

)
= 0

p
(
t, x , η(t, x)

)
= patm(t, x)

u
(
t, x , zb(x)

)
z ′b(x)− w

(
t, x , zb(x)

)
= 0

together with well-prepared initial conditions

Pressure fields p(t, x , z) = patm(t, x) + g
(
η(t, x)− z

)
+ q(t, x , z)
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Multilayer framework

z = zb(x) = z1/2(x)

z = η(t, x) = zL+1/2(t, x)

z = zα−1/2(t, x)

z = zα+1/2(t, x)

H(t, x) hα(t, x)

x

z

Height decomposition: hα(t, x) = `αH(t, x) with `α ∈ (0, 1) and
∑L
α=1 `α = 1
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Multilayer framework

z = zb(x) = z1/2(x)

z = η(t, x) = zL+1/2(t, x)
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z = zα+1/2(t, x)

H(t, x) hα(t, x)

x

z

Height decomposition: hα(t, x) = `αH(t, x) with `α ∈ (0, 1) and
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α=1 `α = 1

Homogeneous mesh: `α =
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Multilayer framework

z = zb(x) = z1/2(x)

z = η(t, x) = zL+1/2(t, x)

z = zα−1/2(t, x)

z = zα+1/2(t, x)

H(t, x) hα(t, x)

x

z

Notations

[[f ]]α+1/2 = f +
α+1/2 − f −α+1/2, f̃α+1/2 = γα+1/2f −α+1/2 + (1− γα+1/2)f +

α+1/2
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Multilayer framework

z = zb(x) = z1/2(x)

z = η(t, x) = zL+1/2(t, x)

z = zα−1/2(t, x)

z = zα+1/2(t, x)

H(t, x) hα(t, x)

x

z

Notations

〈f 〉α(t, x) =
1

hα(t, x)

∫ zα+1/2(t,x)

zα−1/2(t,x)

f (t, x , z) dz
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Multilayer framework

z = zb(x) = z1/2(x)

z = η(t, x) = zL+1/2(t, x)

z = zα−1/2(t, x)

z = zα+1/2(t, x)

H(t, x) hα(t, x)

x

z

Notations
nα+1/2 = (−∂x zα+1/2, 1)T
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Discontinuous Galerkin framework

Let us be given a velocity field satisfying

[[u]]α+1/2 · nα+1/2 = 0 ⇐⇒ [[w ]]α+1/2 = [[u]]α+1/2∂x zα+1/2

Toy model
∂tR + ∂x (uR + P) + ∂z (wR + Q) = S (1)

where R, P, Q and S take values in Rp

Semi-discrete formulation over each layer Lα = (zα+1/2, zα−1/2)

∂t(hα〈R〉α) + ∂x (hα[〈uR〉α + 〈P〉α]) + FR
α+1/2 −FR

α−1/2 = hα〈S 〉α

where

FR
α+1/2 = Γα+1/2R̃α+1/2 − P̃α+1/2∂x zα+1/2 + Q̃α+1/2

Γα+1/2 = w̃α−1/2∂tzα+1/2 − ũα+1/2∂x zα+1/2

Yohan Penel (ANGE) CORSURF -

9 / 25



1. Project 2. Settings 3. Derivation of the hierarchy of models 4. Rheology 5. Conclusion

Spaces of approximation

qα−1/2, ũα−1/2, w̃α−1/2

qα+1/2, ũα+1/2, w̃α+1/2

z = zα−1/2

z = zα

z = zα+1/2

w+
α−1/2

w−
α+1/2

wα

uα, qα

u(t, x) =
L∑

α=1

uα(t, x)1{Lα(t,x)}(z) + EL

w(t, x) =
L∑

α=1

[
wα(t, x)−

(
z − zα(t, x)

)
∂x uα(t, x)

]
1{Lα(t,x)}(z) + E ′L

q continuous over the water column
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Core of the models

Applying the previous semi-discretisation to the Euler equations leads to
∂thα + ∂x (hαuα) + Γα+1/2 − Γα−1/2 = 0

∂t(hαuα) + ∂x

(
hαu2

α + hαqα
)

+ Uα+1/2 − Uα−1/2 = −hα∂x (gη + patm)

∂t(hαwα) + ∂x (hαuαwα) +Wα+1/2 −Wα−1/2 = 0

with Uα+1/2 = ũα+1/2Γα+1/2 − ∂x zα+1/2qα+1/2

Wα+1/2 = w̃α+1/2Γα+1/2 + qα+1/2

and
Γα+1/2 = w̃α+1/2 − ∂tzα+1/2 − ũα+1/2∂x zα+1/2
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Requirements for the P1 choice

Additional equation

∂t(zw) + ∂x (zuw) + ∂z

(
z(w 2 + q)

)
= w 2 + q.

which is discretised as

∂t(hα〈zw〉α) + ∂x (hαuα〈zw〉α) + F zw
α+1/2 −F zw

α−1/2 = hα
〈
w 2 + q

〉
α
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Requirements for the P1 choice

Additional equation

∂t(zw) + ∂x (zuw) + ∂z

(
z(w 2 + q)

)
= w 2 + q.

which is discretised as

∂t(hα〈zw〉α) + ∂x (hαuα〈zw〉α) + F zw
α+1/2 −F zw

α−1/2 = hα
〈
w 2 + q

〉
α

Let us introduce the signed standard deviation σα = − hα∂x uα
2
√

3
such that

〈
w 2
〉
α

= w 2
α + σ2

α, 〈zw〉α = zαwα +
hασα

2
√

3
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)
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which is discretised as

∂t(hα〈zw〉α) + ∂x (hαuα〈zw〉α) + F zw
α+1/2 −F zw

α−1/2 = hα
〈
w 2 + q

〉
α

Then

∂t(hαzαwα) + ∂x (hαzαuαwα) + ∂t

(
h2
ασα

2
√

3

)
+ ∂x

(
h2
ασαuα

2
√

3

)
+ zα+1/2(w̃α+1/2Γα+1/2 + qα+1/2)− zα−1/2(w̃α−1/2Γα−1/2 + qα−1/2)

= hα
(
w 2
α + σ2

α + qα
)
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α−1/2 = hα
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w 2 + q
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α

Then

∂t(hασα) + ∂x (hασαuα) = 2
√

3

[
qα −

qα+1/2 + qα−1/2

2

− Γα+1/2

(
hα∂x uα

12
+

w̃α+1/2 − wα

2

)
+Γα−1/2

(
hα∂x uα

12
+

wα − w̃α−1/2

2

)]
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〈
w 2 + q
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α

Rather using a Hermite interpolation leads to

zw|Lα ≈ zαwα + (z − zα)(wα − zα∂x uα), w 2
|Lα ≈ w 2

α − 2(z − zα)wα∂x uα
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4L2
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NHML2 model: u|Lα ∈ P0,w|Lα ∈ P1, q|Lα ∈ P2,E|Lα ∈ P2

∂tH + ∂x (Hu) = 0

∂t(hαuα) + ∂x

(
hαu2

α + hαqα
)

+ Uα+1/2 − Uα−1/2 = −hα∂x (gη + patm)

∂t(hαwα) + ∂x (hαuαwα) +Wα+1/2 −Wα−1/2 = 0

∂t(hασα) + ∂x (hασαuα) = 2
√

3

[
qα −

qα+1/2 + qα−1/2

2

−Γα+1/2

(
hα∂x uα

12
+

w̃α+1/2 − wα

2

)
+ Γα−1/2

(
hα∂x uα

12
+

wα − w̃α−1/2

2

)]

∂x uα +
w−α+1/2 − wα

hα/2
= 0 σα = −hα∂x uα

2
√

3

w +
α−1/2 − uα∂x zα−1/2 +

α−1∑
β=1

∂x (hβuβ) = 0
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NHML1 model: u|Lα ∈ P0,w|Lα ∈ P1, q|Lα ∈ P2,E|Lα ∈ P0

∂tH + ∂x (Hu) = 0

∂t(hαuα) + ∂x

(
hαu2

α + hαqα
)

+ Uα+1/2 − Uα−1/2 = −hα∂x (gη + patm)

∂t(hαwα) + ∂x (hαuαwα) +Wα+1/2 −Wα−1/2 = 0

qα =
qα+1/2 + qα−1/2

2
+ Γα+1/2

(
H

4L
(̃∂x u)α+1/2 +

w̃α+1/2 − wα

2

)
− Γα−1/2

(
H

4L
(̃∂x u)α−1/2 +

wα − w̃α−1/2

2

)

∂x uα +
w−α+1/2 − wα

hα/2
= 0 σα = −hα∂x uα

2
√

3

w +
α−1/2 − uα∂x zα−1/2 +

α−1∑
β=1

∂x (hβuβ) = 0
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NHML0 model: u|Lα ∈ P0,w|Lα ∈ P0, q|Lα ∈ P1,E|Lα ∈ P0

∂tH + ∂x (Hu) = 0

∂t(hαuα) + ∂x

(
hαu2

α + hαqα
)

+ Uα+1/2 − Uα−1/2 = −hα∂x (gη + patm)

∂t(hαwα) + ∂x (hαuαwα) +Wα+1/2 −Wα−1/2 = 0

qα =
qα+1/2 + qα−1/2

2

wα − uα∂x zα +
α−1∑
β=1

∂x (hβuβ) +
1

2
∂x (hαuα) = 0
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Energy inequality

Denoting K = u2+w 2

2 , smooth solutions to the Euler equations satisfy

∂t

(∫ η

zb

(
K + g

η + zb

2
+ patm

)
dz

)
+ ∂x

(∫ η

zb

u(K + q + gη + patm) dz

)
= H∂tpatm.

Proposition

Let us assume that
(
γα+1/2 − 1

2

)
Γα+1/2 ≥ 0. If (H, uα,wα, qα) are smooth

solutions to the NHML2-model, then with Kα =
u2
α+w 2

α+σ2
α

2

∂t

[
L∑

α=1

hα
(
Kα + gzα + patm

)]

+ ∂x

[
L∑

α=1

hαuα
(
Kα + qα + gη + patm

)]
≤ H∂tpatm.
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Comment

Constraint
(
γα+1/2 − 1

2

)
Γα+1/2 ≥ 0 is equivalent to taking

γα+1/2 =
1

2

(
1 + λ sign(Γα+1/2)

)
for any λ ≥ 0, which gives

R̃α+1/2Γα+1/2 =
R+
α+1/2 + R−α+1/2

2
Γα+1/2 −

λ

2
|Γα+1/2|

(
R+
α+1/2 −R−α+1/2

)
.

The energy inequality is satisfied in particular for γα+1/2 = 1
2 (λ = 0) and for

γα+1/2 = 1{Γα+1/2≥0} (λ = 1).
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Linear dispersion relation

Let us linearise around the so-called lake-at-rest steady state (H0, 0, 0, 0).

Proposition

There exists a plane wave solution
(

Ĥ, ûα, ŵα, q̂α
)

e i(kx−ωt) to the linearised

NHMLk system provided the following dispersion relation holds

c2
L(kH0) =

ω2

k2gH0
=
PL(kH0)

QL(kH0)

where PL and QL are explicit polynomials. Moreover when the number of layers L
goes to infinity, c2

L tends to

c2
Airy (kH0) =

tanh(kH0)

kH0
.
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NHML2 for L ∈ {1, 2, 3}

L PL QL

1 1 1 + x2

3

2 1 + x2

12 1 + 5x2

12 + 7x4

576

3 1 + x2

9 + 5x4

2916 1 + 4x2

9 + 19x4

972 + 13x6

78732
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NHML1 for L ∈ {1, 2, 3}

L PL QL

1 1 1 + x2

4

2 1 + x2

16 1 + 3x2

8 + x4

256

3 1 + 5x2

54 + x4

1296 1 + 5x2

12 + 5x4

432 + x6

46656
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L ≥ 4 (λ = 3 for NHML2 and λ = 2 for NHML1/0)

PL(x) =
1

L

[(
1− x2

2λL2

)L−1

+ ξL−4

(
1− x2

2λL2

)2

− ξL−3

(
1 +

2λ− 1

2λ

x2

L2

)]

QL(x) =

(
1− x2

2λL2

)L−1(
1 +

λ− 1

2λ

x2

L2

)
+

(
1− x2

2λL2

)2
x2ξL−4

2L2

−
(

3 +
2λ− 3

2λ

x2

L2

)
x2ξL−3

2L2

ξk =
L2

x2

(
1− x2

2λL2

)k+2

+ Ξe

∑
0≤2m≤k

(
k

2m

)(
1 +

λ− 1

2λ

x2

L2

)k−2m
x2m−1

L2m−1

(
1 +

λ− 2

4λ

x2

L2

)m

+ Ξo

∑
0≤2m+1≤k

(
k

2m + 1

)(
1 +

λ− 1

2λ

x2

L2

)k−2m−1
x2m+1

L2m+1

(
1 +

λ− 2

4λ

x2

L2

)m

where Ξe = −1+ 1−3λ
λ

x2

L2 + −1+6λ−4λ2

4λ2
x4

L4 and Ξo = − 5
2 + 5(1−λ)

2λ
x2

L2 +
− 5

2 +5λ−2λ2

4λ2
x4

L4 .
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Phase velocity

0.97

0.98

0.99

1.00

1.01

1.02

1.03

c
M φ c
E φ

(E) Euler

(SW) Shallow Water

(LDNH2 )

(LDNH0,1)

10-2 10-1 100 101 102 103 104

kH0

10-15

10-13

10-11

10-9

10-7

10-5

10-3

10-1

101

|c
M φ
−
c
E φ
|

c
E φ
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Navier-Stokes for a hydrostatic flow

Model

∂x u + ∂z w = 0

∂tu + ∂x (u2) + ∂z (uw) + ∂x p = ∂x Σxx + ∂z Σxz

∂z p = −g + ∂x Σzx + ∂z Σzz
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Navier-Stokes for a hydrostatic flow

Model

∂x u + ∂z w = 0

∂tu + ∂x (u2) + ∂z (uw) + g∂xη = ∂x Σxx + ∂z Σxz + ∂2
xx

(∫ η(t,x)

z

Σzx

)
− ∂x Σzz

p = g(η(t, x)− z)− ∂x

(∫ η(t,x)

z

Σzx

)
+ Σzz
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Navier-Stokes for a hydrostatic flow

Model

∂x u + ∂z w = 0

∂tu + ∂x (u2) + ∂z (uw) + g∂xη = ∂x Σxx + ∂z Σxz + ∂2
xx

(∫ η(t,x)

z

Σzx

)
− ∂x Σzz

p = g(η(t, x)− z)− ∂x

(∫ η(t,x)

z

Σzx

)
+ Σzz

Layer-averaging

∂tH + ∂x (Hu) = 0

∂t(hαuα) + ∂x

(
hαu2

α + g
h2
α

2`α

)
+ ũα+1/2Γα+1/2 − ũα−1/2Γα−1/2

= −ghα∂x zb +

∫ zα+1/2

zα−1/2

(
∂x Σxx + ∂z Σxz + ∂2

xx

(∫ η(t,x)

z

Σzx

)
− ∂x Σzz

)
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Discretisation of viscous terms

∫ zα+1/2

zα−1/2

(
∂x Σxx − ∂x Σzz + ∂2

xx

(∫ η(t,x)

z

Σzx

)
+ ∂z Σxz

)
≈

∂x

(
hα(Σxx,α − Σzz,α)

)
− ∂x zα+1/2(Σxx,α+1/2 − Σzz,α+1/2)

+ ∂x zα−1/2(Σxx,α−1/2 − Σzz,α−1/2)

+ ∂2
xx (hαzαΣzx,α) + zα+1/2∂

2
xx

 L∑
β=α+1

hβΣzx,β

− Σzx,α+1/2∂
2
xx zα+1/2

− zα−1/2∂
2
xx

 L∑
β=α

hβΣzx,β

+ Σzx,α−1/2∂
2
xx zα−1/2

+ Σxz,α+1/2 − Σxz,α−1/2
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Conclusion

§ Derivation of a class of multilayer non-hydrostatic models as
semi-discretisations of the Euler equations

§ Analysis of physical properties (energy, hydrodynamic balances, dispersive
effects)

§ Study of the discretisation of viscous terms in accordance with energy
estimates

§ On-going works

à Numerical strategies for each model
à Incorporation of viscous effects in the non-hydrostatic framework

Yohan Penel (ANGE) CORSURF -

24 / 25



Thank you for your attention . . .

. . . and see you in November at Inria Paris

Workshop:
An overview on free surface flows
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