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Introduction
The hydrodynamic wave model (Ph. D. ') (without
flow):

1.
2 — 2% + 2%77 + 5 =00nTs, ¢ = Vo /(2ep),

32— c2Ap=0inQ,

890 Pin Ts Pour
— =0monT Cour
aV tn S5 L, o

+ 1.C. D

Tests with the Engquist-Majda boundary condition of
order one 2, interesting results for initial conditions in
the domain not on the surface.

So we want to test a high-order boundary condition
(Higdon ... Hagstrom - Warburton).

'... Neumann-Kelvin ... - Ana. App., Vol. 8, No. 4 (2010) 1-26
2mémoire Cnam - D.M. Bissengue, PH. Destuynder, O. Wilk

O. Wilk: Absorbing Boundary Condition, Domain Decomposition and Hydrodynamic Wave Model

Absorbing Boundary
Condition, Domain
Decomposition and

Hydrodynamic Wave

Model

O. Wilk

Introduction

M2N/IMath/Cnam



A history ... (1/3) Agsating sounder

Decomposition and

HydrodKAnadmilc Wave
@ Wave eq. (Engquist-Majda (1977), Higdon (86)), 0. Wik
@ dispersive wave eq. (Hagstrom (99), Hagstrom, .

istory

Mass-or, Givoli (2008)),
@ with flow (Bécache, Givoli, Hagstrom (2010)).

High-order boundary condition of order p + 1 :

(ap0t+c0,)...(a101+c0,)(ap0t+co,)u =0,a; < 1,i =0, p.

Not easy to use.
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A history ... (2/3)
Auxiliary variable formulations :
@ Givoli, Neta (2003) (unstable for t ) :

(aoat + C@,,)u = ¢,
(a1 af + Cay)¢1 - ¢27

¢p+1 =0.

@ Hagstrom, Warburton (2004) (more stable) :

(a0t + co,)u = agoin,
(@10t + c0,)p1 = (@10t — €0,) o,

¢p+1 =0.
Equivalent to : p
(a0 + cd,) |[[(a0r + co,)?| u=0
j=1
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A history ... (3/3)

An example with the dispersive problem :
Ofu— c?oiu— c*u+ fPu=0inR+ C..

Linearity (boundary cond.) + I.C. equal to zero (g; = 1),
we get :

02¢; — PRy — P05 + Py =0,V = 1,p.

Replace "c?02¢," (ex. with the Givoli-Neta formulation) :

c26§¢>j = (Cax = (91) (c@x + (91)(?/ +8,2¢j
c?dii = (cOx — ) Pj+1 +07
et (cOx + 0r) b1 = ¢jr2

we get just on the boundary (Vj = 1,p, ¢g = u) :
a?¢j*1 + 2019 — ¢j+1 — 028}%@4 + f2¢j,1 =0.
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Absorbing Boundary Condition and
Hydrodynamic Wave Model

A coupled model.
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H.W. A.B.C. with the surface model e

Decomposition and

Hydrodynamic Wave
5 2.0 g 1 . Model
orn — ¢ Oxn + Z—En—i— 2= 0onTls <= Li(n)+ L2(p) =00nTs, ORI
(aro0r + €10 )n = anodiey, (a0t + cr0.)p = andidy,
L1((andr + ¢:0.)n) = L1(andid!), La2((@nd: + ¢:0,)e) = La2(andi¢),
(800t + €:0,)L1(n) = @00t L1(¢7), (@100t + €0u)La(p) = ar0iLa(d7),
(Oc+ Cr0v)L1(n) = OtL(BY), (O + Cr0u)La(p) = OtL2(BT):  wwsuime
If C; = C; = C, we get : B
(9 + CO)(L1(n) + La(0)) = D L1(8]) + La(¢)),
SO : e
8{(51 ((15:7) + LQ(¢f)) =0on rs, Num. appli. (hydro. wave model)

with 1.C. equal to zero, we get :
L1(87) + L2(¢F) =00nTs.

And also, we get Vo, i =1,p:
L1(9]) + L2(¢7) =0o0nTs.
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H.W. A.B.C. with the basin model

In the domain, we get (without condition on the
coefficients) :
Z¢f — EAY =0in Q,Vi=1,p.

But for the condition between the surface model and
the domain model :

Oy =0mon g,
we get (if C, = Cf = C) :

dp? = 0rp! on Tg,Vi=1,p.
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Absorbing Boundary

Hydrodynamic Wave Model -Hw.aBc. G DA
Decomposition and
5 2.0 g 1 . Hydrodynamic Wave
a,n—c,axn+2—6n+—6<p:00n I's,cr = /o /(2¢ep), Model
O. Wilk
&¢—§A¢:om96%:anmrymc.

(aoat + Crax)n - aoarqﬁ:] at POU!)
(@00t + C0x)p = adipy on Mout,

H.W. Surface
H.W. Basin
Vj = 1, oag Jat Poy : Model + HW. AB.C
b 2 (1 L 2 n » s (7
fj—1 orely + hy O]+ L xRl i1
Bibliography

+

g
to(mj—r gLy + my ¢ Mij1 Gy )

o (M1 Ol + my 0df + M Sdf, ) =0

Num. appli. (wave equation)
Num. appli. (hydro. wave model)

Vi=1,..,don oy :
hji—r 8oy + by 8¢
—ci(my— Ly + my el

+ 82 j+1

+ mj,j+1 8y j+1 ) = 0

o¢f " o¢¢

W = 019} at Pout, o = = 0 at the other end.
T ——
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Wave speed on the surface : useful for a(1/2)
Top y =0, bottom y = h,h < 0 ':
(i): 2:0%n— %aﬁn +gn+¢=00nTs, (c small)
omonTs

(i) : o — FAp=0inQ, with %f -

(i) et &m =, : —fazaygo +gdyp+@=0o0nTs,
with ¢ = A(y) exp ™~ “’ ) (remark : C = w/k) :
(iif) = (9 + EKZ)A(Y) —w?A(y) =0o0nTs(y = 0),

(iv): A(y) - IPA(y) = 0 dans Q, with | =

hyp. : cik>w

(iv) = A(y) = Kiexp(ly) + Kzexp(—ly),

= Ki exp(ly) small 9, |y—n = 0, h — —oco and |y|small.

(fi)ifl ~k = C= % = i\/%T%/(WIth By — (%9)1/4_

i J. Fabre
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Wave speed on the surface : usetul for a (2/2) Condition. Domain

Condition, Domain
Decomposition and
Hydrodynamic Wave
Model

C(k) (0 =0.075N.m~", p = 1000kg.m=3, g = 9.81m.s~2) : O. Wik

C,in =0.232915057392
25

Introduction
2.0

History
15

ABC and HWM
1.0 H.W. Surface
H.W. Basin
Model + HW. AB.C
1000 Num. App.

ABC and DDM
Bibliography

Num. appli. (wave equation)
Num. appli. (hydro. wave model)

Conclusion

So to absorb the waves with a speed < Cpip, :
ar > ¢¢/Cmin, @ = (Cr/Cx)at.
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Numerical application : (1/2) ’;822&?3%%,5832%?3
ecomposition an

Hydrodynamic Wave
nsom f = 1212, nsom s = 101 Model

N N N N N S S N S S N S N S S S NS S N

NNANAN NN NN NN NN NN NN NN NN NN q
NAANNANANNANNNNNANNNNNNNNAN NN NN NN NN NN O. Wilk
INNNNANNNANNNANN NN NN NN
NANMNNANANNNNNNNNNNNNNNNN NN NN NN

NNV VNIV VUV VIV VIV

A
VA i
NV NNV VNNV NNV VN VIV
NAANANNANNANNNNANNANNNNVANNANNNVANNANNNVINUNNUVIN
NANANANANNNANANANNNANANUNNNANANANNNNANANUNNANNT
A A A AN AR
WAV NN AN AN NNV
025t HHH\MHHHHHH mm HHHHHHHH MHHHHHHM MHHHHHHH MUNH o o
Surface
T50.0250, 0 : -2.0e-03 + 2.0e-03, y: -8.1e-03 & 8.1e-03, E : 2.59e+01 . HW. Basin
0.2 . . : ; d
015l 7 12,4 1 0.003442 Model + HW. AB.C
0.002295 Num. App.
0.001147
0.000000 Bibliography
Num. appli. (wave equation)
—0.001147 Num. appli. (hydro. wave model)
-0.002295
0200 gt = 7.43¢-06 (pc_dtc = 0.750), U = 0.000.) = i -0.003442
-0.25 : :

04 “02 0.0 02 0.4
KK =]+

¢ =1000m.s™',J=4,a=1.3 ¢;/Cpmin — 1.5 ¢t/ Cpin-
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1 H H - Absorbing Boundary
Numerical application : ) Condhion, Doman
Decomposition and
Hydrodynamic Wave
nsom_f = 3216, nsom_s Model

O. Wilk

it i i AR i
AR i AN AAAAANAANA (ARAANANARAA i
i R R R
A A AN AN
[
A
AR umnmumm A O
AR A
R R
nAALAARMEAMAAARMIARARRRAARRARARIAARARRAAARRAABIAAARRAAAIRRAAUIAAARRRRAARRBLALARRRAAROARN AL
O

i
i
i
i
i
"

70’2—50_6 mnmnmhmmuunuumnhnnnnmm\\nmmlnnnnnmn\uumn\lnnnlhmnnmnm\unnhnnnnluhmmmuﬂnnnlmmn o6
T=0.0250, ¢ :-2.1€-03 & 2.1€-03, :-8.2e:03 & 8.2e-03, E : 2.68e+01.
0.15] 77122 ] 0.003609
0.002406 (i A
0.001203
0.000000
-0.001203
~0.002406
0201 dt = 3.73e-06 (pc_dtc = 0.750), U = 0.000.) = 4 1 0.003609
025 04 02 0.0 02 0.4

(K< > ] [l +]

1000m.s~',J = 4,a= 1.8 ¢t/ Cmin — 2.0 ¢t/ Cpin-
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u =uy onfz ety

Num. appli. (wave equation)

Num. appli. (hydro. wave model)

O. Wilk: Absorbing Boundary Condition, Domain Decomposition and Hydrodynamic Wave Model M2N/IMath/Cnam



Bl bl |Ography Absorbing Boundary

Condition, Domain
Decomposition and

Hydrodynamic Wave
Model
0. Wilk
O SChwarZ o rz l—i QZ Introduction
1
(1 870) History
ABC and HWM
H.W. Surface
. . H.W. Basin
Au1n = 0 18] Q1 Aug = 0 18] QZ Model + HW. AB.C
n - — n - — Num. App.
uj = » on 99 N Q4 uy = on 90 N Qs I
ul = u on Iy uj =uf onfl, Bilograpny

Num. appli. (wave equation)
Num. appli. (hydro. wave model)

Conclusion

O. Wilk: Absorbing Boundary Condition, Domain Decomposition and Hydrodynamic Wave Model M2N/IMath/Cnam



Bibliography

e Schwarz
(1870)

Auj =0
u =g
uy =uy”

in Q4
on 90 N Q4
on Iy

e PL. Lions (1988) (parallel)

Auf =0
up =g
ui = Uy

n—

in Q4
on 90 N Q4

! on 4

L &
Auj =0 inp
ul =g onoQnNQ,
uj =uf onfl,
Auj =0 in Q5
ug =g on 992N Qp
ug =ul"! onrl,
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Bibliography

Evolution
problem CHE R

Original Schwarz Method :
- At each t time, solutions = interface conditions, |}

- We must use the same time step for each subdomains. |}

Classical Schwarz Waveform Relaxation :
- Solve with different time steps, 1

- interface conditions for the time interval. 1}
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Bibliography

Classical Schwarz Waveform Relaxation
wave equation
with overlap
"Dirichlet" interface conditions :

el = 82u — ?Au

Ocuf =0 inQy x[0,7T] Ocus =0 in Q, x [0, T]

ul =g ondQNQ; uf =g ondQNQy
uf =uf " onTy ug=ul"onl,
Uf|f:0 = Up in Q4 Ug‘[:() = Up in Qo
[J1n|1‘=0 = U in Q4 l:lg‘[:() = U in Qo
Tc

Finite step convergence' : n > —

o0 : overlap.
'Gander-Halpern (2004)
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Bibliography

Different interface conditions :
@ Neumann,
@ Robin,

Replace "uf = u~'" by "By’ = Bju " on I;.

Ocuf =0 inQy x [0, T] Ocud =0  inQp x [0, T]
ul =g on 02 N Q4 uj =g on&Qr‘an
Biuf = Biuj~" on T Bouf = Bouf ™" on T
U1n|t:o = Up in Q4 Ug|t:0 = Up in Qs
Uf|t=0 = U in Q4 U |t=0 = U in Qo
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Bi bl iography Absorbing Boundary

Condition, Domain
Decomposition and

Hydrodynamic Wave
Model
Error variables " v — ™' — ul " 0. Wik
O’ =0 inQx[0,7] Dol =0 inQyx][0,T]
uf =0 on 0 N Q4 uj =0 on 902 N Qs
H.W. Surface
B, U1n = B, Ugi1 on Tl Bzug = BgLI?i1 onls, HW. Basin
U?|t:0 =0 in Q4 Ug|t:o =0 in Q5 LA::E:DSWABC
Uli—o =0 in Q =0 =0 in Qp
Bibliography
Num. appli. (wave equation)
Can you determine " B;,i =1,2" as : e
n—1 n __
{B1U%1750 :>{B1U%—O?
Bou™" #0 Boui =0
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Bibliography Conton, Domain

Decomposition and

Hydrodynamic Wave
With the "Dirichlet to Neumann" operator Dt : gm
DiNy(v) :vonTq— o on 4
oy
Ocu=0 inQq x[0,T]
u=0 onaNnNQy
u=v only4
U|t:0 =0 in Q4
u|t:0 — 0 |n Q1 Bibliography
With ', = I'1, we get (conservative flow and u = v on
I'1) .
ou ou
— =——=-DiN = —DtN
ovs é% tN1(v) tN: (u)
S0 we get : 87“ + DN (u) = Ba(u) = 0 on T,
2

("transparent” operator)
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Bibliography
With these new B; :

Ocuf =0  inQy x [0, T] Ocud =0  inQp x [0, T]

ul=0 on 90 N Q4 ul =0 on 90N
B, U1n = B; U£71 on Tl Bzug = BQU?71 sur o
U?|t:0 =0 in Q4 Ug|t:0 =0 in Qo
l:lﬂt:o =0 in Q4 U£|t:0 =0 in Q5

So with u #0,i = 1,2, we get:
= Biu =0,i #,

and : u,f”r1 =0,/ =1,2 (we get the convergence).
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B|b||ography Absorbing Boundary

Condition, Domain
Decomposition and

Hydrodynamic Wave
. . Model
Classical Schwarz Waveform Relaxation ORI
wave equation
without overlap
"transparent" operator :
el = 82u — ?Au
Ocuf =0  inQy x [0, T] Ocuf =0  inQp x [0, T] :
u1n _ O on aQ n Q1 ug _ 0 on aQ n QZ Bibliography
B, U1n = B Ugi1 onl; Bzuz” = BQU?71 onl,
uflt=o =0 in Q4 U= =0 in Qs
[Jﬂt:o =0 in Q4 l:lg‘[:() =0 in Qo

Optimal convergence (only 2 steps) .

'Gander-Halpern-Nataf (2003), Gander-Halpern (2004)
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Wave equation

"Transparent" operator :
@ 1D = with Engquist-Majda (order 1),
@ 2-3D = Engquist-Majda, Higdon (order > 1),

Example 1D : step O

0,010 T =0.000, dt = 2.5e-04, i = 0
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Wave equation

"Transparent" operator :
@ 1D = with Engquist-Majda (order 1),
@ 2-3D = Engquist-Majda, Higdon (order > 1),

Example 1D : step 1

0,010 T =0.000, dt = 2.5e-04,i =1
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Wave equation

"Transparent" operator :
@ 1D = with Engquist-Majda (order 1),
@ 2-3D = Engquist-Majda, Higdon (order > 1),

Example 1D : step 2

0,010 T =0.000, dt = 2.5e-04, i =2
0.008
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0004775 05 0.0 05 10

(KI<IID > ] [l +]
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R Absorbing Boundar
Wave eq U atl O n Conditio?n Domainy
Decomposition and
0 0 Hydrodynamic Wave
Transparent" operator : Model

@ 1D = with Engquist-Majda (order 1), O. Wik
@ 2-3D = Engquist-Majda, Higdon (order > 1),

Introduction

History
Example 1D :
ABC and HWM
H.W. Surface
H.W. Basin
0.010 i Erreur relativg en fonction du‘ pas de temps ‘ Model + HW. AB.C
Num. App.
0.008

ABC and DDM
0.006 Blbhograph.y .
Num. appli. (wave equation)

I .
0.004 Num. appli. (hydro. wave model)

Conclusion
0.002

0.008
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Hydro. wave model H.W. A.B.C.(1/2)

The boundary condition "Bjus = Biu," :

p

[ (@0 + co.)?| (adr+co,)un =

=

or:
p

[ (a0 + c0.)?| (a0d: + cdu)(ur — uz) =0
j=1

S0 we get

(aoar T Cau)u1

(a,-('), + c@,,)q&,- = (ajat - Cav)‘bf—%—‘h

Dpt1

p
[ (a0 + c0.)?| (avdr+cd.)us

=] aoat¢1 +(a00( + Cau)U27
(@10t +co)p1 = (@10t — €0, )2,

Absorbing Boundary
Condition, Domain
Decomposition and
Hydrodynamic Wave

Model

0. Wilk

H.W. Surface
H.W. Basin
Model + HW. AB.C
Num. App.

Bibliography
Num. appl. (wave equation)
Num. appli. (hydro. wave model)

O. Wilk: Absorbing Boundary Condition, Domain Decomposition and Hydrodynamic Wave Model

M2N/IMath/Cnam



Absorbing Boundary
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Conclusion

@ to identify a; minimize the convergence rate
(Schwarz method),

@ a small overlap (for evanescents waves),
@ with flow, 3D,
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