
A multilayer approach for sediment transport in shallow
water regime

Tomás Morales de Luna

Departamento de Matemáticas
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Profound impact on the morphology of continental shelves

Deposit ⇒ porous layer of rock ⇒ potential sources of hydrocarbon

Destructive effect (pipelines, cables, fundations,...)
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Turbidity current / Hyperpicnal plume
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



∂th + ∂x(hu) = φη + φb,

∂t(hu) + ∂x

(
hu2 + g (R0 + Rc) h2

2

)
=

g (R0 + Rc) h∂x(H − z) + uφη + u
2φb + τ,

∂t(hcj) + ∂x(hu cj) = φjb, for j = 1, . . . , ns
∂tz + ξ∂xqb = −ξφb.
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Hyperpycnal model
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(H)

Water entrainement

φη = Ewu,

Ew =
0.00153

0.0204 + Ri
, Ri =

Rcgh

u2
.
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(H)

Erosion/deposition

φjb = F j
e − F j

d , φb =
ns∑

j=1

φjb
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Areas of different composition
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Areas of different composition
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Applications

(Controlled) sedimentation of polydisperse suspensions of small particles
N species differing in size di and density ρi

Chemical engineering

Industrial procesing

Wastewater treatment

Etc.
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Polydisperse sedimentation model

N especies of sedidemnt
φi = volumetric concentration i = 1, . . . ,N

φ =
N∑

i=1

φi , φ0 = 1− φ, and Φ = (φ0, φ1, . . . , φN)

ρ(Φ) =
N∑

i=0

ρiφi
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Local mass balance equations

∂tφi +∇ · (φivi ) = 0, i = 0, 1, . . . ,N,

Average velocity

q =
N∑

i=0

φivi

Relative/slip velocity

∆vi = vi − v0, i = 1, . . . ,N
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Local mass balance equations

∂tφi +∇ · (φivi ) = 0, i = 0, 1, . . . ,N,

Sum of all equations:
∇ · q = 0
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Local mass balance equations

∂tφi +∇ ·


φi∆vi + φiq − φi

N∑

j=1

φj∆vj


 , i = 0, 1, . . . ,N,

Sum of all equations:
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Momentum balance equations

ρi (∂t(φivi ) +∇ · (φivi ⊗ vi ))

= −ρiφig~k −∇pi +∇ · TE
i + mf

i + ms
i , i = 1, . . . ,N,

ρ0(∂t(φ0v0) +∇ · (φ0v0 ⊗ v0))

= −ρ0φ0g~k −∇p0 +∇ · TE
0 − (mf

1 + . . .+ mf
N),
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ρ0(∂t(φ0v0) +∇ · (φ0v0 ⊗ v0))

= −ρ0φ0g~k −∇p0 +∇ · TE
0 − (mf

1 + . . .+ mf
N),

mf
i interaction forces between solid especie i and fluid
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Momentum balance equations

pt = p0 + p1 + . . .+ pN = p + σe(φ)
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Momentum balance equations

pt = p0 + p1 + . . .+ pN = p + σe(φ)

pt total stress, p pore pressure, σe effective solid stress
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Momentum balance equations

pt = p0 + p1 + . . .+ pN = p + σe(φ)

φ := φ1 + . . . φN < φc ⇒ σe = 0
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Momentum balance equations

pt = p0 + p1 + . . .+ pN = p + σe(φ)

pi =
φi
φ

(φp + σe(φ))
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Momentum balance equations

mf
i = αi (Φ)∆vi + βi (Φ)∇φi

αi resistence coefficient

ms
ij =

3

2
φe
ρiρjφiφj(di + dj)

ρid3
i + ρjd3

j

||vi − vj ||(vi − vj)
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Polydisperse sedimentation model

∂tφi +∇(φivi ) = 0, i = 0, 1, . . . ,N,

ρi (∂t(φivi ) +∇ · (φivi ⊗ vi ))

= −ρiφig~k−φi∇p+αi (φ)∆vi+ms
i +∇·TE

i −∇
(
φi
φ
σe(φ)

)
, i = 1, . . . ,N,

ρ0(∂t(φ0v0) +∇ · (φ0v0 ⊗ v0)) = −ρ0φ0g~k
N∑

i=1

αi (φ)∆vi +∇ · TE
0 ,

vi = (ui ,wi ) ∈ R2 is the phase velocity
TE
i viscous stress tensor

ms
i interaction forces between solid particles

σEi effective solid stress
αi resistence coefficient for the transfer of momentum
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Sherman-Morrison formula

∆vi =
φ

αi (Φ)

[
(ρi − ρ(Φ))g~k +

σe(φ)

φi
∇
(
φi
φ

)
+

1− φ
φ
∇σe(φ)

]
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Masliyah-Lockett-Bassoon

φ

αi (Φ)
= −d2

i

V (Φ)

18µf

µf viscosity of pure fluid
V (Φ) = (1− φ)n−2, (n > 2) hindered settling factor
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MLB Model

∆vi = µδiV (φ)


(ρi −

N∑

j=1

ρjφj)~k +
σe(φ)

gφi
∇
(
φi
φ

)
+

1− φ
gφ
∇σe(φ)




V (φ) = (1− φ)n−2, n > 2.

ρi = ρi − ρ0 for i = 1, . . . ,N, µ = −g d2
1

18µf
δi =

d2
i

d2
1
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MLB Model

φivi = fi (Φ)~k + φiq − ai (Φ,∇Φ)

fi (φ) = µV (φ)φi


δi (ρi −

N∑

j=1

ρjφj)−
N∑

k=1

δkφk


ρk −

N∑

j=1

ρjφj




 ,
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MLB model

Assuming ∂t(φiwi ) + ∂x(φiwiui ) + ∂z(φiw
2
i ) and TE

i small





∂tφi + ∂x(φiui ) + ∂z(φiw + fi (φ)) = ∂z(ai (φ, ∂zφ)), i = 1, . . . ,N
∇ · q = 0

∇p = −∇σe(φ)− ρ(φ)g~k +
1

1− φ∇ · T
E
0

fi (φ) = µV (φ)φi


δi (ρi −

N∑

j=1

ρjφj)−
N∑

k=1

δkφk


ρk −

N∑

j=1

ρjφj




 ,
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MLB model for a one-dimensional closed vessel

∂tφi + ∂z(fi (φ)) = ∂z(ai (φ, ∂zφ)), i = 1, . . . ,N

fi (φ) = µV (φ)φi


δi (ρi −

N∑

j=1

ρjφj)−
N∑

k=1

δkφk


ρk −

N∑

j=1

ρjφj




 ,
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A multilayer approach
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A multilayer approach





∂t(hαφi ,α) + ∂x(hαφi ,αuα) = Hi ,α+ 1
2
− Hi ,α+ 1

2
,

∂thα + ∂x(hαuα) = Gα+ 1
2
− Gα− 1

2
−

N∑

i=0

(
fi ,α+ 1

2
(Φ)− fi ,α− 1

2
(Φ)
)
,

∂t(ραhαuα) + ∂x(ραhαu
2
α + hα(pα+1/2 + g

∑N
i=0 ρiφi ,α

hα
2 ))

= ρ|z=zα+1/2
Hi ,α+1/2 − ρ|z=zα−1/2

Hi ,α−1/2 + τα
+pα+1/2∂xzα+1/2 − pα−1/2∂xzα−1/2

Hi ,α+ 1
2

= φi ,α+ 1
2
Gα+ 1

2
− fi ,α+ 1

2
(Φ)

Gα+ 1
2

= ∂tzα+ 1
2

+ uα+ 1
2
∂xzα+ 1

2
− wα+ 1

2
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For α = 1, . . . ,M, hα = lα h with lα a positive constant.

M∑

α=1

lα = 1.

∂th + ∂x

(
h

M∑

β=1

lβuβ

)
= GM+1/2 − G1/2.
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



∂th + ∂x

(
h

M∑

β=1

lβuβ

)
= GM+1/2 − G1/2,

∂t(hφj ,α) + ∂x(hφj ,αuα) =
1

lα
∆α

−
(
Hj ,α+1/2(Φ)

)
,

∂t
(
hρα(Φ)uα

)
+ ∂x

(
hρα(Φ)u2

α

)

+∂x

(
hpS + gh2

[
1

2
lα ρα(Φ) +

M∑

β=α+1

lβ ρβ(Φ)

])

=
N∑

j=0

ρj
lα

∆α
−
(
uα+1/2Hj ,α+1/2(Φ)

)
+

(
pS + gh

M∑

β=α+1

lβρβ(Φ)

)
∂xh

−ghρα
(
∂xzB +

α−1∑

β=1

lβ∂xh

)
.
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∂tw + ∂xF(w) + B(w)∂xw = S(w)∂xH + G(w),

rj ,α := φj ,αh for j = 0, 1, . . . ,N

qα := ρα(Φ)huα,

w := (h,q, r)T ∈ R((N+1)M+1)

T. Morales de Luna (Univ. de Córdoba) Multilayer sediment transport 32 / 41



mα = ρα(Φ)h.

w̃ := (h,m,q)T ∈ R2M+1
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mα = ρα(Φ)h.





∂th + ∂x

(
h

M∑

β=1

lβuβ

)
= 0,

∂tmα + ∂xqα =
1

lα

∑N
j=0 ρj∆

α
−Hj ,α+1/2(Φ),

∂tqα + ∂x

(
q2
α

mα

)
+ ∂x

(
gh

[
1

2
lαmα +

M∑

β=α+1

lβ mβ

])

=
N∑

j=0

ρj
lα

∆α
−(uα+1/2Hj ,α+1/2(Φ)) +

(
pS + gh

M∑

β=α+1

lβρβ(Φ)

)
∂xh

−ghρα
(
∂xzB +

α−1∑

β=1

lβ∂xh

)
.

w̃ := (h,m,q)T ∈ R2M+1
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mα = ρα(Φ)h.

∂tw̃ + ∂x F̃(w̃) + B̃(w̃)∂x w̃ = S̃(w̃)∂x H̃ + G̃(w̃),

w̃ := (h,m,q)T ∈ R2M+1
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Outline

1 Introduction

2 Polydisperse sedimentation
Masliyah-Lockett-Bassoon (MLB) model

3 A multilayer approach
Numerical scheme
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Numerical scheme

Move horizontally then vertically !
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E.D. Fernández-Nieto, E.H. Koné, T. Morales de Luna, R. Bürger
(2013).
A multilayer shallow water system for polydisperse sedimentation
Journal of Computational Physics, 238: 281–314

Thank you for your attention
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