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Some considerations

m Fluids with different physical properties.
m Flows with different behavior.

m Different thickness and velocity.
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Introduction

Deduction of a bilayer model taking into account these differences.

Approach

e Upper layer: Crude oil.

m Viscous fluid

u Thin film slow flow = Reynolds lubrication equation.

o Lower layer: Water. = shallow-water equation.

o Different thickness and velocity: = Multiscale analysis in space and time.
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Governing equations

2D incompressible Navier-Stokes for both layers:

pi(Otti + u;Ovtt; 4+ wiOzut;)
= —0wpi + 2piviOc(Ouui) + pil/iazzui + pivi0;(Oxwi);

pi(c’),wi + u;Ow; + w,@zwi) i=1,2.
= —0.pi — pig + piviOiw; + pivi0:(Ocui) + 2pil/i(922Wi;

Owtti + O;w; = 0;

n L m v; = (uj, w;): velocities.

B p;: pressures.

n m p;: densities.
m v;: kinematic viscosities.
m 0; = 2piviD(v;) — pild:

stress tensors.
Vit V'y;
v DW) = %)
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Governing equations

Boundary conditions:

Free surface (n = b + hi + ho):

- Kinematic condition: 9y + u20:n = wa;

- Normal stress balance: (o2 - Ny), = —0 k Ns.

Interface (Z = b + hy):

- Kinematic conditions: d/h 4+ u;0Z = wi, i = 1,2.

- Normal stress balance: (o1 - Nz), — (02 - Nz)» = (dzKzRT ).
- Friction condition: (o, - Nz)r = —cp2(vi — v2).

Bottom:

- No-penetration: vy - N, = 0.

- Friction condition: (o1 - Np)» = a(vi)+.



Derivation of the model

Shallow domain assumption for each layer:

H H>
=T <<y g=-<<L1
e=7 <<l e=—7<<

Dimensionless / Multiscale assumption.
Asymptotic analysis.

Vertical integration and hydrostatic approximation.
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Dimensionless:
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Derivation of the model

Dimensionless:

m Layer 1 (shallow-water)

x=Lx", a=Hzf,  h=Hh}
u; = Uuy, wy = eUw], t =Tt}
U UL
=pU%}, Fri=——=; Rei=—;
pP1 = pP1UP 1 VeH' 1 7
m Layer 2 (Reynolds)
x = Lx*, 2 = eHz}, hy = eHhj
1
up = €Uuj, wy =e*Uws, 1= G—ZTIE‘
U 2y UH
=l = Re =
eH geH 123

g eI =70 +h); &€ Lend = [L(0" + D), (b +hT) + B3]



Derivation of the model

Asymptotic analysis:

v =0(), a=0(), or=0(?),
vm=0(), c=0(®), 6=0(>).

1 _ _ - _
Re; = O(E); Re, =0(1); C;'=0(?); c'=0()
and we develop the unknowns up to order 1:

hi=h +eh, i=u +euj, pi=p +epi, (i=12).



Derivation of the model

Vertical integration and hydrostatic approximation.

e Shallow water layer.
* u1 does not depend on z at first order.

Ohy + Oc(hiuy) = 0,

i

2
P10 (hiur) + p1Ox(hiuy + 2B

1
h%) — 4€p1010x(h1Osur ) + p1 ﬁhlaxb

+%h13x(pz‘zs) = thmcfolaj(b + hn) + pacourjz + awoy(hn)ur, = 0.

—1

eQ 1

v = (1452 m) s =
3p1 o1



Derivation of the model

Vertical integration and hydrostatic approximation.

e Reynolds layer.
& +0p = 0
- Re
opp = —€bo; Bo = 63—; =0(1)
Fry
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Derivation of the model

Vertical integration and hydrostatic approximation.

e Reynolds layer.

— B+ 0Py = 0~ib
0.p: —€fo ~ p2

From the incompressibility equation:

5 Ne
Oihy + OX(/ Lizdz) =0.

Z.



Derivation of the model

Vertical integration and hydrostatic approximation.

. 1~ _ ~ 1 | = _
x| 5 5 - =5 iy = 0,
Opfoi 40 (ezhzul) : (hz( ecoRer 3h2)8p>

Opr = € (C(;lafﬁe I ,Boaxﬁe)



Derivation of the model

Vertical integration and hydrostatic approximation.

e Completion of layer 1: Values O, (p”z‘ IE) and u; |7

From p»:
O(p2yz,) = € (C5'Bme + Bods(ne — To))

Thanks to the friction condition at the interface:

ehy

— 0,
C()Rez P2

Uz =



Final model:

O + 0:(huy) =0,
1
A(hur) + 8 (hiw) + Egaxh% + gh1 &b — 4110, (h1 By

5 5
+hy (Eaf.(b i+ o) + gDk ) = p—zaj(b + )
1

M) =
0 3 «@ _
+hz<p—]()‘. (b+ hi) + rgds(b +h])) + o y(hi)ur = 0.
1 /1 1
Orhy + O (h o ((—h’ — (= 4+ 5—h)dp2 ) = 0.
hy + (2M1)+8( 2 pz(C+3V2 z)apz) 0
with

—1
Bpr = 8 & (b+hy+hy)+pagd(b+h+ho), r = % and ~(h) = (1 + 3%;,1) .
1 1

Normal stress balance Friction terms
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Local energy



Energy balance for M

Multiply:
® momentum equation for water layer by  u;
m equation of thin film flow by  §02(b + hy + hy) + pag(b + hy + ha)

and sum up the resulting equations.



Energy balance for M

u? h h
Ol 5 +gm(b+3) +rgh2(b+h1 + 72))

=29 (I + )R (b + i + h2) + 50 + h2))?)
+2L 0, (M (b+h) + §(D)?)

2
+0; (i (%’ + g(h + b)) + rghouy (b + 2hy + hz))
2
im0 (%) + 15 (£ + s ) 0 (300 b+ + o) + pag(b -+ i + hz))2)>
o8 ((h1 + h2)ur & (b + hi + ho) — (h + h2) 9, (O (1 + hz)))
+32 0, (w2 (b + hn) — m,(0ch)

2

2o

<R= R2+£u1hza§ (/12) + rgul&f (h%),

1
Ry = —4uvily (&dh)2 - rgzhg(; +

1 2 « 2
37y2h2) (6x(b + h] + hz)) — ;’Y(h])ul



Proposed modified model

O + Oc(huy) = 0,
1
A(huwr) + 8 (hiw®) + Egaxh% + g1 &b — 41,0, (h1 Byur)

5 5
+hy (Eai(b I+ a) gz — L0+ )

d
o (Eaf'(b I+ ) + gD+ i + o) ) + %v(m)m =0,

1 /1 1
Othy + Ox(hauy) + Ok (—h22 — (* + 7/12) apo) =0.

p2\c 3

Op2 = 803 (b + hy + h2) + p2g0i(b + hy + ha)

Added terms are of order €.
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Numerical results:

Test 1: Comparison with a viscous bilayer shallow water model
Q=10,25;b(x) =0.c=1;a=107>.

(= 0) = 1; hz(t:O):{ 0.04, ifx e [12,13],

0, otherwise.
1 1=y
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Numerical results:

Test 1: Comparison with a viscous bilayer shallow water model

Q=10,25;b(x) =0.c=1;a=107>.

0.04, ifx e [12,13],
0, otherwise.

0.8

—b

0.6 b+h,
oal (mom Deh ||
——
02f
_02 . . . .
0 5 10 15 20 25

m Fluids properties: Sea water — p; = 1027, v; = 10~°
Marine residual fuel — p, = 920, v, = 5.9783 X 107%,6 = 0.033

5, 0027 ifh >0,
7= 0.072 ifh =0.



Test 1: Comparison with a viscous bilayer shallow water model

Reynolds/Saint Venant (zoom)
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Test 1: Comparison with a viscous bilayer shallow water model

Saint Venant/Saint Venant

| |
1 i ans 1 st Il ey
000028,
e =
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t=03 t=05
| |
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r=1 r=25

@ G. NARBONA-REINA, J. D. D. ZABSONRE, E.D. FERNANDEZ-NIETO, D.
BRESCH. CMES 43(1), 27-71, 2009.



Numerical results:

Test 2: Pollutant dispersion near the coast

—(=8)% o<
e 10 if x < 8, ¢ = 10"

Q=10,12]; b(x) =
l4+e 0  —e %0 if x > 8;
m Initial conditions:
qi(t=0)=0, hi(x,0) = max(0.78 — b(x),0) — ha(x,0);
[ 2max(sin(2x —2), 0), ifx e [5,21],
ha(x,0) = { 0, otherwise.

14

121

s

0.8

0.6 b+h,

04
—o— 0,

(i D¥#, ||

021

02}

04 L L L L L
0

2 4 6 8 10

= Boundary condition: u:(0,7) = 0.4sin(‘Z).
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Test 2: Pollutant dispersion near the coast

Influence of the interface friction coefficient
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Range of the pollutant spread over vs. interface friction coefficient
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Conclusions and future works

Conclusions.

m We have deduced a coupled model Reynolds-Shallow Water equations.

m [t is important to achieve the second order approximation to obtain viscosity and
tension effects.

m The multiscale analysis in space-time is essential to modelize the pollutant
transport over water.

Future works.

m Derivation of a 2d model.

m Non-Newtonian properties for the pollutant layer?

@ F. GERBEAU, B. PERTHAME. Disc. Cont. Dynam. Syst. Series B 1(1), 89-102,
2001.

[ A.ORrON, S. H. Davis, S. G. BANKOFF. Rev. Mod. Phys. 69(3), 931-980,
1997.
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