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Jackson’s model

Jackson’s model

The two mass conservation equations for the solid and fluid phases are, respectively,

O(psp) + V- (pspv) = 0,
Or(1 =) + V- (pr(1 —pu) = 0,
and equations of momentum conservation for each phase are
psp(Ov+ (v-V)v) = =V -Ti+f + psp8g,
pr(1 =) @u+ -Vyu) = =V T, —fo+pr(1 - g

@ The velocities are: v for the solid phase, u for the fluid phase,

The (symmetric) stress tensors are: T for the solid, 7}, for the fluid.

m

The constant densities are denoted by: p; for the solid, py for the fluid.

The force fy is decomposed into the sum of the buoyancy force and all
remaining contributions f:

The solid volume fraction is ¢.
o Closure:



Jackson’s model

Domain

Figure: Domain and geometrical parameters.

@ The solid-fluid mixture lies between a fixed bottom and an upper pure fluid
layer.

@ h,, is the height of the mixture layer.
@ Ay is the height of the pure fluid layer over the mixture.



Boundary conditions

Boundary conditions:

o At the bottom:
o Non penetration condition:

u-n=20, v-n=20

where 7 is the upward space unit normal (i.e. the normal to the topography).

o Coulomb friction law:
(Tyn) = — tan G sgn (v) (Tom) -,

where Je is the effective intergranular Coulomb friction angle.

o Navier friction condition for the fluid phase:
(Tfm n)T = —k],u,

for some coefficient k;, > 0.




Boundary conditions

Boundary conditions:

o At the free surface:

@ No tension for the fluid
TyNx = 0.

o A kinematic condition:
Nt+uf'NX =0.

where N = (N;, Nx) is a time-space normal to the free surface.




Boundary conditions

Boundary conditions:

o At the interface:
o A kinematic condition for the solid phase,
N/ +v- N X = 0.

where we denote by N = (ﬂlt, N 'x) a time-space upward normal to the interface.

e A Navier fluid friction condition

(#NX)T = —ki(uy — u)-.

where k; > 0 is a friction coefficient.

o Additional jump relations have to be prescribed. These relations state that the
fluxes on both sides of the interface are related through transfer conditions. These
are determined by global conservation properties, under the form of
Rankine-Hugoniot conditions.




Boundary conditions

Jump conditions at the interface

@ We must first ensure that the total fluid mass is conserved:
Nt -Nx = (1= ¢")(Ne+u-Nx) =V,

where:
e ™ is the value of the solid volume fraction at the interface.

o The term V; defines the fluid mass that is transferred from the mixture to the
fluid-only layer (Vy < 0 means that the fluid is transferred from the fluid-only
region to the mixture region).




Boundary conditions

Jump conditions at the interface

o Conservation of the total momentum gives

prVr(u = up) + (Ty + Tj, )Nx = T;Nx.

o The energy balance through the interface yields the stress transfer condition:

TNy = <’;f




Asymptotic hypothesis

If e = H/L, where: H and L are the characteristic width and length of the domain,
respectively,

hm ~ €, hy ~ €, Vxb = O(e), T, = O(e), Ty, = O(e), Ty = O(e),
V= 0(1)7 ut = 0(1)7 M; = O(l)a P = 0(1)7 d = 0(1)7
ky = O(e), ki = O(e).

o Taking L as typical length unit, 7 = /L/g as typical time unit,

@ Then, all the natural units can be expressed in terms of L, 7, and py (or py).

@ We assume that:

o The unknowns vary at the scales L in the downslope direction,
o €L in the normal direction,
e and 7 in time,

which means formally that



Asymptotic analysis

Asymptotic hypothesis

b+hy~+hy

Ohy + Vi - / urdz = Vy.
b+l

Then,

I ~ €, hy ~ €, Vxb = 0(¢), Ty = O(€), Ty, = O(e), Tr = O(e),
Vi=0(1), " = 0(1), uf = O(1), ¢ = O(1), ® = O(1), ky = O(e), ki = O(e).



Asymptotic 2

Asymptotic hypothesis

As in (Bouchut et al. 2003; Bouchut and Westdickenberg 2004) we shall assume that
the tangential velocities and the solid volume fraction do not depend on z up to errors

in 0(é%),
v (1, X) + O(e%), 3)
= u¥(1,x) + 0(€), 4)
W= ul(t,x)+0(), 5)
¢ = @Lx)+0(e). (6)
Then, from

V-V 4 0y = ®.

and the non-penetration condition (v* - Vib = V" at z = b), we get that v = O(e).

Similarly, from fluid mass phase conservation,
01— @) + Vs ((1 = @)u*) +0:((1 — p)u’) =0,

and the non-penetration condition we get (1 — ¢)u” = O(e), thus u* = O(e).



Asymptotic hypothesis

We assume also for the closure function an expansion as
® = B(1,x) + O(¢Y),

with

P =Ky(p - @).

Remark: We adopt this approximation in order to make the derivation possible, even
if it looks not appropriate because of the dependency on the pressure of ¢¢, and of
the nonlinear coupling of 7.



Asymptotic hypothesis

The stress tensors Ty (k = s, fin, f), they are decomposed as
Te = pi1d+T;, %

and suitable rheological assumptions should be made to define Ty.

@ Since we aim to represent only depth-average effects, we prefer to simplify the
rheologies and replace the effect of the stress tensors inside the domain by
boundary layers due to the friction conditions.

o Thus we shall assume that the stresses T are O(€?) far from the boundaries
z=b,b + h, and can just be nonzero close to these boundaries.

@ We assume that

™, i”fn, T}‘z can be O(e) close to the boundaries z = b, b + Ay,
but are 0(62) far from these boundaries,

while the other components satisfy

fixx 7= 0(62) everywhere.



Asymptotic 2

Asymptotic hypothesis

The drag term is defined by ~
f= ﬁ (u - V)7
8 being the drag coefficient given by

_ 27

where 7 is the dynamic viscosity of the fluid and & is the hydraulic permeability of
the granular aggregate, that depends on .

We have

B = B(t7 X)(l + 0(62))7
with

f=01-9)

=[S

We shall consider two possible sets of assumptions.



Asymptotic hypothesis: drag term

(i) The drag term is quite strong, that is
Brel

Then since the drag force B (u — v) has to balance gravity terms, it necessarily
remains bounded. This implies that

(i) The drag term is moderate, that is

In this case one has just u* —v* = O(1).

Note that in both cases one has 5(u* — v*) = 0(1)



‘essure
Interface pressure

@ The fluid pressure in the fluid-only layer

pr = prgcosO(b + hy + hy —2) + O(*)  for b+ hy < 2 < b+ hy + hf

@ At the interface we have

2
pﬁ“|h+hm = p'/‘b+hm - ps‘b+hm + 0(6 )

@ Moreover, the jump conditions for the energy balance through the interface
yields the stress transfer condition:

N pr Nx \° : Nx o\«
TSNX: 7( u— ur) - ~7) —+ ( TmNX C = *pm) Nx.
(2 (1 — uy) ] (T3, Nx) e P )T

@ We look now for a boundary condition of the form

T,Nx = p:NX, (ps = Ds|pthy, T 0(52))




Pressure
Interface pressure

That is,

*_& 1 Z_ 7 X X\ 2
p:_21+lvx(b+hm)\2(” U = (0" =) V‘(b+hm))

L ((Tffnxvx(b +hn)) - Vx(b+ hn) = 21730 - Vx(b 4 ha) + Tp, )
1o T+ [Va(b + h) 2 Pin)-

Thus

* 2 2 2
ps = 0(€), Ps\btny, = o(€), P ot = PF |pthy T o(€).

Then we obtain the pressure for the fluid in the mixture at the interface,

Pl oy = Pr8COS Ohs + 0(62).

2
Psjpn, = O(€)



Pressure
Excess pore pressure

In the mixture, the normal fluid momentum equation gives

O:pp, = —prgcost — f¢(uz —v) + 0(e).
Integrating with respect to z, we obtain for b < z < b+ h,,
B B b+hyy, . . , , )
Pfu = Phujpin, + Pr8€0s0(b+ hw —2) + g (u* —v)()d + O(€),

Then,
Phn = prgcosO(b + hy + hy — 2) + pf, + O(€7) forb < z < b+ hw,

where

4 B b+hm Z z / !
Pn=1"3 (u —v)(2)dz

is the excess pore pressure.



‘essure
Solid pressure

Moreover, the solid normal momentum equation gives
O:ps = —@0py, — Ppsgcos b + B(uz —v) +0(e).
Integrating with respect to z gives the expression of the solid pressure,
b+hy, )
_ _ > z z ’ /
Ps = Ps iy, —PPhu =P jp1, ) TP Ps8 €08 O(b+hn—2)—f / (u'—v)(2')dz +0(€).
The solid pressure is given by

ps = @(ps = pr)gcos (b + hw — 2) = pf,, + O(¢")  forb < z < b+ hn.

Note that its nonhydrostatic component is the opposite of that of py,



Pressure
Evaluation of the excess pore pressure

2 b+hm
Ph, = 75 / (u* —v)(dZ

We have thus to evaluate u° — v* up to O(e®) errors.
@ The closure equation gives:

Vx -V + 9v° = ®.
By using the non-penetration condition we get
V=% Vb + (2 — b)(® — Vi - %) 4+ 0().
o Next, adding the mass equations in the mixture, we find
Vi (V" + (1 = p)u") + 0:(pv* + (1 — p)u”) =0,

and using the non-penetration conditions we get

oV + (1= )i = (G + (1= @) - Vb — (2—b) V- (§7+ (1— §)i) + O(E).
@ By subtracting previous equations yields

z—b

i — v = (i — %) - Vy 2 (@4 9a- (1= @)@ —9)) + 0().




Pressure
Evaluation of the excess pore pressure

° 2 b+hy,
P == (" —v)()d
o 1— @

f:g(@ Y (- ) 7)) +0().

Sy = (W =) - Vb —

@ Then,
4 B X X
—— | (b+hm—2) (U —V¥) - Vb

Pr, = 1—o
,%%@Hvx- (1= @) - ) +0(€4))~

©
/N



Pressure
Evaluation of the excess pore pressure

We can then consider two possible sets of expansions for the values of (p, ), Ii
(i) (8= 0(e")) The values of (pf, )|, pf, are given simply by

3 K- _ 3 K-
Ph )1 = —ﬁj’"é +o(), pp = —(lf%»z?mcm 0().

(i) (8 = O(1)) The values of (15, ) b Ii are given by

B

_ "
e = = <hm(u —vX)-Vxb—

2(1-9)
_
3(1-9)

(<I>+vx~((1—¢)(ﬁ_ﬁ)))>+0(e3),

P = IL (%’”(ﬁﬁ).vxbi (<I>+Vx~ (1—p) (Ffv**)))) +0(&).



layer model

The two-phase two-layer model

o From the mass conservation equations we obtain:

Oi(@hm) + Vx - (@hav*) = 0,
(1 = @)hw) + Vs - (1 = @)hti*) = =V,
Oy + Vx - (heuy) = Vy.

@ Moreover, the evolution equation for ¢ is

0P + V- Vyp = —p®.

By combining it with previous equations we obtain

Vi = —hu® — V- (1 = @) —V¥)).



layer model

The two-phase tow-layer model

Ohy + Vi - (hpuf) =V,
pr(Of + uf - Vxi) = —prgcos OVx(b + hw + hy)
b ‘ 1,1 S .
= —E(EPfo + ki) (uf — w¥) — prg sind(1,0)",

0@ +V5-Vip = —p0,



The two-phase two-layer model

The two-phase tow-layer model

aI(SEhm) + vx ° (@hmﬁ) = Oa
ps@(OV + VX - VyX) = —@gcos G(plyvx(b + hw) + prth)

h NS e
—(ps — pr)gcos 97Vx<p + (1 — @) Vxp§,

. (@lps = pr)g cos Ohm — (pf, )1y
—sgn (V) tan ey ( ] )+

hun
+B(UX = V) — gpygsind(1,0)",
O ((1 = @)hm) + Vi (1 = @har®) = =V,
pr(1 = @) (0w + - Vi) = —(1— @)prgcos OVx(b + hn + hy)
—(1=9)Vxpj,

1 1 - o
- ((EPfo — ki) (uf — u¥) + kbu")



The two-phase two-layer model

The two-phase tow-layer model

Where:

and

3 2 @+ Vy 1 —@)(uX — v«
(p;")wz_lf@(% + ((17?(»4 VX)) — (i — ) be),
_ 3 2O+ V- ((1—@)(ux =¥ o
p;m_ lé(ﬁ(h?m + ((1_:;)(“ V)) —%(ux—v")~vxb).



layer model

Parameter settings

Friction coefficient:

5 (1 - ¢)°
—(1— 32" =
B=01-0)—, R 15052
o Effective bottom solid friction:
tan derr = tand + K(@ — @7).

Dilatance closure:

® = Ky(p — ¢).

Critical-state compacity @/

R AL
Ps|p

Solid pressure:

Psip = @(ps — pr)gcos O — (pf, ) 1ps - (P, 1p = —qu)»



The energy balance associated to Jackson’s system

ot <ps<p% +pr(1 — so)% — (8- X)(pso + pr(1 — w)))

+V- (pssogv + pr(1 = w)%u —(g-X) (pspv + pr(1 — p)u)
+Df (tpv +(1— np)u) + ffvmu + T.yv>
=T, :Vv+ T}, : Vu+f-(v—u),
where X denotes the space position.
@ The friction effects give naturally a dissipative term f - (v — u) < 0,
@ it is also natural to assume that ﬁ :Vu <0.

@ Moreover: _
Ts :Vv=pV - v+ T, : Vv,

e It is also natural to have 75 : Vv <0,
o it remains the term p;V - v.

Closure:



The energy balance associated to Jackson’s system

The right hand side of the 3D energy balance is written as
Ro=p®+T,: v+ T, :Vutf-(v—u)

where
@ = Ky(p — ).



Energy balance

The energy balance associated to Jackson’s system

Re=pKi(p — ) + Tc: Vv + Ty, - Vut f - (v —u)

e If ¢ < ¢, then the granular medium contracts (V - v < 0) as soon as there is a
deformation (4 > 0). Consequently,

o water must be expelled from the mixture,

o the pore pressure increases.

o Friction decreases.
then ps® = p K (p — @) < 0 (at least if p, remains positive), and R, is
clearly nonpositive.



The energy balance associated to Jackson’s system

R = pKi(p — ) + To: Vv + Ty, - Vut f - (v = u)

o If ¢ > ¢! then the granular medium dilates (V - v > 0) as soon as there is a
deformation (¢ > 0). Consequently,

o water must be sucked by the mixture,

o the pore pressure decreases.

o Friction increases.
then p;® > 0. Thus, in this case, the friction forces need to be strong enough to
balance the energy of the system. Namely, the internal friction between solid
particles must generate a dissipation 7, : Vv sufficiently negative such that,
together with the friction in the mixture f - (v — u), counterbalance the previous
term p,P.



The energy balance associated to Jackson’s system

Re=pKilp — ) + Tc: Vv + Ty, - Vut f - (v —u)

@ Interpretation as a compressible model
‘We propose an interpretation of the dilatancy relation as a compressible model,
that enables to write down a fully dissipative energy equation in the case when
the critical-state compacity ;¢ depends only on the pressure p;, and not on 7.



The energy balance associated to Jackson’s system

Ry =pKi(p — @)+ To: Vv 4+ Ty, - Vut f- (v —u)

o Interpretation as a compressible model
We consider the critical volume fraction ¢¢? to be an increasing function of the
solid pressure only, ¢ = ¢(p;), bounded by some maximal value pqx.

This function ¢ = ¢{?(p;s) can be defined by its inverse p = pi?(p)
(pé(p) being called the critical pressure).



Interpretation as a compressible model

T=¢ps), (P =pI9))
The energy equation gives
2 2
u (4
ot (pygo% +pr(1 — 90)% —(&-X)(pp +pr(1 =) + pssoecq)
2 2
+V- <pss0|7v +pr(1 =) l 2‘ u—(g-X)(pspv + pr(1 = p)u)
+ps (v + (1 = @)u) + Tyu + Tov + pswei"V>
= (ps = PVKA(p — @) + To s Vv + Ty, - Vut f - (v — u).

Since p; — p{i () and ¢ — ! (ps) have opposite signs — because ¢ is an increasing
function of p,— one has (p; — pi?)V - v < 0, and the energy balance equation (31) has
a nonpositive right-hand side.



Interpretation as a compressible model

gl =@ (ps), (P =p"(9)
The energy equation gives
v Juf?

u
ot (pswarpr(l ©) - >

3 — (g X)(pp+p(l -9 )+pssoe()

+V- <pss0uv+p( @)'2‘ u— (g X)(pspv + pr(1 — p)u)

+pp (v + (1 — @)u) + Tu+ Ty + ps@ei"V>
= (ps = PEVKA (9 — ) + Ty : Vv 4+ Ty, Vit f - (v — w).

Remark: Classically in thermodynamics, the mechanical internal energy U is related
to the pressure p and volume V by the relation dU = —pdV. Here the specific
volume (i.e. volume per mass unit) is 1/(ps¢), thus to the critical pressure p¢?(p)
one can associate by this relation a specific internal energy (i.e. internal energy per
mass unit) (). Since d(1/p) = —dg/p* we obtain the differential relation

deg? it
dp  psp?’




Energy balance for the proposed model

Then one has the following local energy balance identity,

PR Nt [u¥)? — eqs

ot (pssohm'z' +pr(1 = @S + oy =1 + pohnpett ()
+g0030(ps@hm +pr((1 = @)ho + hf)) (b+b)

_ i I +he)*

+(ps — pr)g cos 05" + prg cos o Lt

7‘2

+ Vi (pvsoh PES 4 pr(1 - @) B0 4 Pfhf uf + pshmpel (@)
+gcos e(p@hmﬁ +pr (1 = @)t + hbe;f)) b+ b+ )
=R,



Energy balance for the proposed model

R=(ps— P K(p — @) 4T : Vv + Ty, - Vu+f - (v—u).
—_————

D

‘Where

R = (p, — P () hm® + hypf, ® + R — Bh|uX — [

— V] tan &er (@(ps — pr)g cos Ohm — (P, ), — kiluf — > — ky[u]?,
n i



Energy balance for the proposed model

R= (ps = p) K(p — ) +Ts - Vv + T, : Vut f - (v —u).
—_——

D

‘Where
R = (p, — (@) hm® + hupf, © + Re — Bh[u* — V|
— [V tan St (& (ps — pr)g cos Ohm — (pf, )1p) . — kiluf — | — k1,
with

Re = o, V- (1= @)@ = 79)) = (1= ) (pf, ) (@ = 7¥) - Vb,



Energy balance for the proposed model

R=(ps — P Ki(p — o) +Ts : Vv + Ty, - Vu+f - (v —u).
N———

]

Where
R = (p, — pi(®)) n® + hup, ® + Re — Bhy|ux — V]

— [¥¥] tan & (@(ps — pr)g <08 O — (0§, )1s) , — kilisf — ¥ — ko,

_ _ bt
hnpj, @ + Re = _ﬁ/ (u* —v)?dz  in case (ID),
b

while further error in 0(63) need to be added in case (I).



The immersed configuration

To simulate underwater granular flows, we take the upper pure fluid layer at rest
uj" = 0 in our three-velocity model and

hu(2) + he(2,x) + xtan 6 = cst,

The equations are then :

0(Phw) +...=0, O+ ...=—¢d, (10)
_ o A
POV + ... = —sgn (W), = + B =) = @(ps — p)gsing, (1)
- 1 = .
pr(l = @)ow + .. = (Epfvf - kh) . Bu* —v¥), (12)
with B - )
Vi = —hy®, 7 =tan 6effp,‘b + K, 13)
= B0~ p)gcos O — (i () = — L me ()
Psip = P\Ps — Pr)8 m 0 )b I (1 — @)2 > P



Inmersed non-uniform test

time =0s

(a) Initial condition

The initial conditions are

w(t=0)=0m/s, W(ir=0)=0m/s, @(t=0)=¢@", hu(t=0)=Hh).
(15)

py = 2500kg/m’, &' =0.582, tand = 0.415, d = 160um, (16)

K =409, K =905 K,=25,

o Low viscosity: 7f = 9.8 x 107> Pa - s, pf = 1026 kg/m’, || = 28°,
kY = 6.1 mm. For the dense case: @ = 0.592.

@ Periodic boundary conditions.



Inmersed non-uniform test

time=0s time=0s

001 0015 002 0025 003 0035 004 0045 005 0055 001 0015 002 0025 003 0035 004 0045 005 0055

®) P, © Py =0



Inmersed non-uniform test

time=5s time=5s

0007 0008 0009 001 0011 0012 0013 0014 0015 0016 00L7

(d) Py, © pp, =0



Inmersed non-uniform test

time=10s time=10s

0007 008 0009  00L 001 0012 0013 00k

® P, © P, =0



Inmersed non-uniform test

time=90s time=90s

00095 001 00105 [0 00115




Inmersed non-uniform test

Seis s wme it < S04, LT <2000 =25
rin vty e e i i

0.54[J

50 100 150 200

() Uniform flow (k) Non-uniform x = 0.5



Conclusions

@ A two-phase model for debris flows with dilatancy effects with two interfaces
has been proposed.

@ It is also possible to be used in inmersed configuration.




Conclusions

@ A two-phase model for debris flows with dilatancy effects with two interfaces
has been proposed.

@ It is also possible to be used in inmersed configuration.

@ Numerical discretization based in IFCP method and a combination of two
hydrostatic reconstructions.
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